
F2607

F2503 F2607



Fp p
2 ?

F2503

2

2

F2n

O(exp((c + o(1))n
1
3 (log n)

2
3 ))

c ≈ 1.4
n

F2607

F2607

F2521

K F2n

F2[X]/(f(X)) f
n F2 K

K
0 n−1

?



F2607

f Xn + f1 f1

f1

f1

O(log n)

B
∏l

i=1 π
ei

i = 1 πi

K

B
b B 2b+1

b

B
A B dA dB

k 2
√

n/dA h = dnk e

C = AXh +B,

D = Ck = AkXhk +Bk ≡ AkXhk−nf1 +Bk [f ].

C D√
ndA

(C,D)
B

B πi, 1 ≤ i ≤ #B αi

βi

C =
∏

i

παi

i , D =
∏

i

πβi

i ,⇒DC−k =
∏

i

πβi−kαi

i = 1,

⇒
∑

i

(βi − kαi) log πi ≡ 0 [2n − 1]



B

b
n1/3(log n)2/3

b

b b 1

dA dB
b ?

2dA+dB+1 (A,B)
B

dA dB C
D

dB
dA C D

hk−n+deg f1

k

k C D
n2/3(log n)1/3

k
k 2

k
√

n
dA

=
(

n
logn

)
1
3

k = 4
n = 607

k = 4 k = 8 k = 8
k −k

?



F2607

1

k

f1 f1

f1

degD

f1

n = 607
b = 23 #B = 766, 150 dA = 21, dB = 28, k = 4, h = 152

f1 X9+X7+X6+X3+X+1

f1 (X + 1)2(X2 +X + 1)2(X3 +X + 1)
C D 173 112

A
B g

deg g
B ?

B ≡ AXh [g].

g
x l(x)

x l(1) = 0, l(2) = 1
AXh mod g

dB
B0 = AXh mod g Bi = Bi−1 + X l(i)g 0 < i < 21+dB−dg

Xjg

deg g B′s B ≡ AXh [gj ]
g

C = AXh + B

? A



gj j deg g
g, g2, . . . , gj degC

C

C
degC

C

C

C

gj g i
2dB+1−j deg g

D
B0 = A(Xhk−nf1)

1/k

mod g g
g

k
gj D

D
C
D D

C degC
degD F2607 k

4 C D



F2607

degC F2997

k = 8 degD
degC D

D

degC degC−L
L

1
?

108

2.109

F2

?

F2



Z/(2n − 1)Z

C D
10

30
C

2dB+1 dB = 28
512

B

B

Af Bf A B

chunk(Af , Bf ) ={(A,B) = (AfX
δA+1 +Av, BfX

δB+1 +Bv),

degAv ≤ δA,degBv ≤ δB}, δA = 6, δB = 24.

27 = 128
225 32

32 2γ γ
2−γ × 32

AXh mod g g
2γ

B
A

A g



F2607

g
A

BfX
δB+1 +Bv ≡ AXh [g].

A ε ε ≤ δA + 1

Bv + αXh ≡ AXh +BfX
δB+1 [g], degα < ε.

S F2

V = F ⊕ G F = 〈1, X,X2, . . . XδB 〉 G = 〈Xh, . . . Xh+ε−1〉
S dim S = δB + 1 + ε − dg S

F2

dg ≤ δB + 1 S s0 + S′
s0 = AXh + BfX

δB+1 mod g S′
Xig 0 ≤ i ≤ δB − dg Xh+i + (Xh+i mod g) 0 ≤ i <

ε
Xh mod g

Xh+i mod g
2ε

dg > δB + 1 V V̄ = F̄ ⊕ G F̄ = F ⊕ 〈XδB+1, . . . Xdg−1〉
S̄ V̄ s̄0 S̄

S̄′ u+ φ(u)
u ∈ G φ G F̄
g s0 ∈ S

s̄0 S̄′ S′
S u+ φ(u) u ∈ φ−1(F )

(dim F̄ − dimF )× ε
dg > δB + 1
deg g

g = (X14 +X13 +X12 +X10 +X8 +X5 + 1)2,

s̄0 = X27 +X26 +X3 + 1,

h = 152, δB = 24, ε = 3.

dim F̄ − dimF
u+ φ(u) u = Xh+i 0 ≤ i < ε

s̄0

T =





0 1 0 1
1 0 1 1
0 0 0 0







T

s0 = s̄0 +Xh + φ(Xh) +Xh+1 + φ(Xh+1) ∈ S,
φ−1(F ) = 〈Xh +Xh+2〉.

T
S′ 0
s̄0 X25

E′ V

γ ε
2δA+1+γ−ε 2δB+1+ε−γ

γ ε

γ = ε = 0

128
γ ε

γ > 0
deg g

g g
γ ε

γ = 4, ε = 3

(C,D)



F2607

γ = 0

γ = 1

γ = 2

γ = 3

γ = 4

ε = 0 ε = 1 ε = 2 ε = 3

γ ε

C

D
D

D
b D

Dsmooth = gcd






D,D′

b
∏

j=1+b
b
2 c

(X2j

+X) mod D






.

D Dsmooth

b D
Dsmooth

L
2L

L

D



D
C D

F2313

X
X+1 (X+1)16 = X16+1

F2

X16 + 1 32
degP

32 +3
ν(Q) ν

Q νg(P )
νg(P mod X16 + 1) = νg(P )

P ≡ 0 [X16 + 1] ≤

X +1

4
n = 607 C D

F2

2b+1

b

(C,D)
DC−k

s s
DC−k



F2607

67.7

Z/(2607 − 1)Z

±1 ±k

d
1
2d

±k

O(N2) O(N log 2N) 50



400

F2607

19, 000
8, 000

1000

400 100
dB = 28

10

815, 726
2 40

650, 000
3

217, 867
1, 033, 593

67.7 524
120

904, 004 765, 427
64.3

484, 603× 484, 603
106.7

2607−1

F2607



F2607

≤ 2

F2607

F2997

F2n n 1, 000
n 1, 200



Cab

GF(2)



F2607

m

GF(p)

GF(p)

GF(2n)

GF(2)




