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(b1, . . . , bm) = f(a1, . . . , a`)
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� X]U(W O(2dg)
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Xb[�R`cge°XbCLcgQic�R�EL[]�YX°U � Xb[ic¶[iW#ELQiXbFYMq[ [a0]p, . . . , [a`−1]pEGF#R
b = f(a)
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g
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p
ELF#R,�YX°U � Xb[ic+[VW#ELQiXbFYMP[0Ò

����� �
	��������	������

� X°Cqc0FÏEÎhYQ(X°K6c
p S e°c0U ` = dlog2 pe Ò�� c � X°ebe+[VWYo � W#o � Uio@Í�oLK6hYlYUic S lYF#Í0oLF#RYXM�UiXboLF#ELe°ebÔ [Vc�Í�lYQ(c¾EGF,R X°F Í�oqF#[}U'EGFPU�Q(oLlYF,RY[ S [a0]p, . . . , [a`−1]p

rºQ(oLK
[a]p

[Vl#Í'W*UiW#EGU
a0, . . . , a`−1 ∈ {0, 1} ⊆ Zp

ELF#R@[Vl#Í'W U(W#E3U
a =

∑`−1
i=0 ai2

i
Ò�n�WYc Í0oLK6hYebc�V`X°U}ÔÊXb[

�,oqlYF#R`c�R4��Ô O(1)
Q(oLlYF#R#[JELF#R O(` log2 `)

XbF�CLo`Í0EGUiXboLF#[JoGr�UiWYc6K8l#e]U(X°hYebXZÍ0E3U(X°oqF¾hYQ(o-�Uio`Í�oqe�Òn�WYc oqFYebÔ EL[([VlYK6h`U(X°oqF#[ � cNFYcgcgR E-�µoLl`U/UiW#c lYF,R`c0Q(e°Ô�XbFYMI[Vc�Í�Q(c�U+[VW#ELQiXbFYMI[iÍ'W#c0K6cEGQ(cJU(WYc¶rºoLebe°o � XbFYM����>K�UiWYc�[icgÍ0Qic0Uk[VW#ELQiXbFYM6[iÍ'W#c0K6c/Xb[�ebX°F#cgEGQNI X�Ò cLÒ S MqX°Cqc0FI[VW#ELQiXbFYMP[ [a]pEGF#R
[b]p

ELF#R6hYl6�YebXZÍ²Í�oqF#[VU(EGFPU'[
c, d ∈ Zp

S UiWYcJh#EGQiUiXbcg[�Í0EGF¼[icgÍ0lYQ(c0ebÔ Í�oqK6hYl`UicJE�[VW,EGQ��X°FYM
[ac + bd mod p]p � X°UiWYoql`U+X°FPUicgQ(EqÍ�U(X°oqFLK¶EGF#R	[�K²UiWYcgQic6c0V�XZ[VU([/EIÍ�oLF,[}U'EGFPU�� QioqlYF#RK8lYe°UiXbhYebXbÍgE3UiXboLF hYQ(oGUio`Í0oLe�rºoLQ UiWYc<[icgÍ�Q(c�U6[VW,EGQ(X°FYM [iÍ'W#c0K6c;I X�Ò cLÒ S MLXbCLcgFÎ[VW,EGQ(X°FYMP[ [a]pEGF#R
[b]p
S UiW#c²h#ELQVU(X°c�[�Í0ELF¼[Vc�Í�lYQ(c0ebÔ6Í�oLK6hYlYUicJE8[VW#ELQiXbFYM [ab mod p]p

��Ô6XbFqU(c0Q'ELÍ�UiXbFYM8K�ÒB r�UiWYcNK8lYe°UiXbhYebXbÍgE3U(X°oqF hYQ(oGUio`Í0oLe I�EGF#RIU(WYc6[Vc�Í�Q(c�UJ[iW#EGQ(XbFYM�[(Í'WYc0K6c>K�Xb[¶[Vc�Í�lYQ(c8ELMqEGXbF#[VUELÍ�U(X°Cqc�ELR`Cqc0Q'[iELQiXbcg[ S oqlYQ+hYQ(oGUio`Í0oLeZ[ � Xbe°e �,c¼EqÍ�UiXbCLcge°Ô [icgÍ0lYQ(c8U(oPo,Ò�Ó�XbaLc � Xb[ic S X°r�[icgÍ0Qic0U[VW#ELQiXbFYM6[iÍ'W#c0K6c¶ELF#R�K8lYe°UiXbhYebXbÍgE3UiXboLF	hYQ(oGU(o�Í0oLe§EGQ(c¶EqRYEGhYUiXbCLc0ebÔ¼[icgÍ�l#Qic S oqlYQ�hYQ(oGU(o�Í0oLeZ[X°FYW#c0Q(X]UkU(WYXZ[�hYQ(oLhµc0QiU}ÔLÒ#n�WYc�Eq[i[ilYK6h`U(X°oqF	oqFIK8lYe°UiXbhYebXbÍgE3UiXboLF<XbK6hYebX°c�[�UiW#EGUkUiW#c8ELR`Cqc0Q��[iELQiÔN[}U(Qil#Í�UilYQ(c�K8l,[}UC�,c
Q2 � W#XbÍ'W S XbF6UiWYc²[VU(ELF#RYELQ(RNU(WYQic�[VW#oLeZRNÍgEL[ic S K6c�EGF#[UiW#EGU � cFYc0c�R�W#oLFYc�[}U�K�E��}oqQiX°U}ÔLÒn�WYXb[�Q(cg[ilYe°UkX°K6K6cgRYXbEGUic0ebÔ�XbK6hYebX°c�[�c�U¼Í�Xbc0FPU²Í0oLF#[VU(ELFqU���Q(oLl#F#RY[�hYQ(oGUio`Í0oLeZ[�rºoqQ²[ioLK6cX°FPUicgQic�[}U(X°F#M¾hYQ(o��Yebc0K�[gÒBDF h#ELQVU(XbÍ0lYebELQ S � cIÍ0ELFÎEGeZ[ioAÍ�oqK6hYl`Uic S X°F@Í�oqF#[}U'EGFPU Q(oLl#F#RY[ SoLl`U(hYl`U([�rºQioqK UiWYc/rºoqe°ebo � XbFYM8rºl#F#Í�U(X°oqF#[�XbFI[iW#ELQic�R¼rºoqQiK��

� n�WYc�c>�Pl#EGebX]U}Ô¾rºlYF#Í�UiXboLFÎEq[Va�XbFYM � WYc0UiWYcgQ E [iW#EGQ(cgR XbFYhYl`UNC3EGeblYc�XZ[�^gc0Q(o<oLQ8F#oGUgÒn�WYXZ[�rºlYF,Í�UiXboLF � Eq[�c�VYEqÍ�UiebÔ � W#E3U � EL[8K6Xb[([VXbFYM XbFX@ R�H:Z��2E�X°FÊoqQ(RYc0Q�U(o W#ELF#R`ebcÌ#c0eZRY[ � X°UiWIeZEGQ(MLc/Í'W#EGQ'ELÍ�UicgQiXZ[}U(XbÍg[0Ò
� n�WYc�e°c�[i[���UiW#ELF Í�oqK6h#EGQ(Xb[ioLF�rºlYF#Í�U(X°oqF oLr#U � oJF�lYK"�,cgQ([rºQ(oLK Fp

S � WYcgFNÍ0oLF#[iXbRYc0Q(cgRQic�[VXZR`lYc�[�X°F {0, 1, . . . , p− 1} Ò
� T o`R`lYebo6Qic�R`l#Í�U(X°oqF S hµc0QirºoLQ(K6X°FYM6E6R`XZ[iÍ0Qic0Uic/K6o�RYlYe°o�Q(cgRYl#Í�U(X°oqF	I � X]U(W	Q(cg[ihµcgÍ�U�U(oENhYl6�YebXbÍ! 3[iW#EGQ(cgR�K6o`R`lYebl#[!K�Ò
� H²XZ[(Í�Q(c�Uic _ V`h,oqFYc0FPUiXZE3U(X°oqFJI � X°UiW Qic�[VhµcgÍ�U�Uio²EkhYl6�YebXbÍ! 3[iW#EGQ(cgR¶c0V�hµoLF#c0FPUEGF,R/KNo`R�lYebl#[!K�Ò
�AcNFYoGU(c�U(W#E3U S � W#X°ebc l#F#Í�oqF#R`X°UiXboLF#ELe9[icgÍ0lYQiX°U}ÔIXb[²U}Ô�hYXZÍ0EGebebÔIRYc�Ì#FYc�R ��ÔIQic>�PlYX°Q(XbFYMUiW#EGU+UiWYc6XbF`rºoLQ(K�E3UiXboLF ebcgEGaqcgR4�PÔ¾UiWYc6hYQ(oGU(o`Í�oLe�XZ[+c�V`hµoLFYcgFPUiXZEGebe°Ô [iK�EGebe�X°F�[ioLK6c�[Vc0�Í�lYQ(X]U}Ô¾h#EGQ'EGK6c�U(c0Q

κ S oLl#Q+hYQioLUio`Í�oqeb[¶o?�`U(ELX°F�E<[ie°XbMLWPUiebÔ¾[VUiQ(oLFYMqc0Q/FYoLUiXboLF S � W#XbÍ'W:W#Eq[EGeZ[Vo)�µc0cgF Í�oLF,[VXZR`c0Q(cgR	XbFIUiWYc8e°X°UicgQ(EGUilYQ(cLÒ,BDF<h#EGQiUiXZÍ�lYeZEGQ S oLl#QkhYQ(oGUio`Í0oLeZ[kEGQ(c+h,cgQVrºc�Í�U(e°Ô



[Vc�Í�lYQ(c¼c�VYÍ0c0h`U � X]U(WÊhYQ(o��#E��YX°ebX°U}Ô O(2−κ)
` X�Ò cqÒ � X°UiWÊh#Qio?�#E-�YXbebX]U}Ô 1 − O(2−κ)

F#oX°F`rºoqQiK�EGUiXboLF6Xb[�e°c�EGaqcgR6E3U�ELe°e�Òq\#lYQVU(WYc0Q(K6oLQ(c S U(WYc²h#ELQVU(X°c�[ � X°ebe��µcJE��Yebc�Uio8R`c0Uic�Í�U � WYcgFE�Qil#F<oGr�UiWYc hYQ(oGUio`Í0oLe�XZ[kXbF hYQ(oLMqQic�[i[ � WYXZÍ'W � oLlYeZRIe°c�EGa	X°FYrºoLQ(K6EGUiXboLFIX°r�Í�oLK6hYebc�U(cgR SEGF#RIW#EzCqc¶UiWYc�hµo � c0Q�U(o¼E-�µoLQiU²[Vl#Í'W E6Q(lYF�Ò,n�WYXb[²Ô�X°cgebRY[JE"$6 01\�� �����/ 3 �� ��0��1� $&1��-�<�>����/ Sc�VYÍ�cgh`UUiW,E3U � X°UiW�hYQ(o��,E-�YXbe°X°U}Ô O(2−κ)
X°U�K6XbMLWPUUicgQiK6XbF#E3U(c � X]U(W¼[VoqK6c²E-�µoLQiU�[VÔ�K"�,oqe

⊥ Ò �

����� � ����� �����	��
���

n�WYc0Q(c�W#EL[ �,cgc0F�EkÍ0oLF#[iXbRYc0Q'E-�Yebc�EGK6oLlYFPU�oLr�h#QicgCPXboLl,[ � oqQiakoqF+lYF#Í0oLF#R`X°UiXboLF,EGebe°Ô¶[Vc�Í�lYQ(cÍ�oLF,[}U'EGFPU�� QioqlYF#RY[K8lYe°UiXT��h,EGQiU}Ô6Í0oLK6hYl`U'E3U(X°oqF � X]U(W�WYoqFYcg[VU�K�E��}oqQiX°U}ÔYI ÍGÒ r}Ò�@ j�jPB�D�E§ELF#R@ \�d+m%D�� S B}d�D�� S R�H:Z�� S j�c�E�Z?Z S B}d�Z?Z S B}d�Z8[bE+K�Ò É [KNcgFPUiXboLFYc�R S UiWYXZ[ � oLQ(a¶W#EL[[VWYo � F�UiW#EGU[VoqKNc�rºlYF#Í�U(X°oqF#[¶Í0EGF<XbF#R`cgcgRY�µc Í0oLK6hYl`U(cgR<XbF Í�oqF#[}U'EGFPU²Q(oLlYF,RY[ � X°UiW l#F#Í�oqF#R`X°UiXboLF#ELe[Vc�Í�lYQ(X]U}Ô S �YlYUUiWYXZ[�W#EL[ �,cgc0F�ebX°K6X°UicgR�Uio8Q(cg[VUiQ(XZÍ�Uic�R6Í�eZEL[([Vc�[�oGr§rºlYF#Í�UiXboLF#[ S [Vl#Í'W¼Eq[ NC1oLQ�FYoqF�� RYc�UicgQiK6XbFYXZ[}U(XbÍ¶eboLM-�D[ih#ELÍ0cLÒ
BDF @ É R�Ð�Z8[>E É e°Mqcg[iWYc0XbK6c0Q S R�EGK6c0FYXZ[(Í'W ELF#RÊÐ�WYoqlYh�EGeZ[VoIhYQ(cg[ic0FPU8EIhYQ(oGU(o�Í0oLe�rºoqQ[Vc�Í�lYQ(c0ebÔNÍ0oLK6hYl`U(X°F#M8U(WYc%�YX°U��DR`c�Í�oLK6hµoq[iX]U(X°oqF

[a]p 7→ ([a0]p, . . . , [a`−1]p)
ÒqB U�WYo � c0CLcgQoLFYebÔÊhYQ(o3C�XbR`c�[6Í�oLQ(Q(cgÍ�U(FYcg[([6EGF#R hYQ(X°C3EqÍ�Ô � WYcgF a

Xb[�Mql#EGQ'EGFPU(c0cgR�Uio �µc<FYoGU(XbÍ0cgE-�#e°Ô[VK�EGebebc0Q�UiW#ELF
p
Ò�\Yl#QVU(WYc0Q(K6oLQ(c S X]UIXb[	oqFYe°Ô@h#Eq[i[iXbCLc0ebÔ@[Vc�Í�lYQ(cAELF#R*XZ[�F#oGU<Í�oLF,[}U'EGFPUQioqlYF#RY[gÒ

����� � ������������������
��

BDF	Ð�c�Í�UiXboLF,[ � c²MLXbCLcJ[VoqKNc²Uic�Í'WYFYXZÍ0EGeµhYQ(c0ebX°K6XbF#EGQ(Xbcg[gÒLBDF�Ð�c�Í�U(X°oqF�� � c²MqX°CqckUiW#c²WYXbMLW��e°cgCLc0e9hYQ(oGU(o�Í0oLeprºoLQ=�YX]U+R`c�Í�oLK6hµoq[iX]U(X°oqF S EL[([VlYK6XbFYM�E�F�lYKH�µc0Q¶oGr�Q(cg[ilYe°U([²rºQioqK [Vl6�,[Vc0�
�ql#c0FPU [icgÍ�U(X°oqF#[ S X°F�h,EGQiUiXZÍ�lYeZEGQ/U(W#E3U8X°U8XZ[+hµoq[([VX �Yebc�Uio EqRYR �YX°U � Xb[ic��D[VW,EGQ(cgRAFPl#KH�µc0Q'[EGF#R6Í�oqK6h#EGQ(c]�#X]U � XZ[Vc0� [iW#ELQic�R8F�lYK"�,cgQ � X]U(WYX°F¼Í0c0QiU(ELX°F6Í�oqKNh#e°c0V�X°UiXbcg[gÒGBDF¼Ð�c�Í�UiXboLF � � c[VWYo � WYo � Uio<MLcgFYc0Q'E3U(cNUiWYc¼[iW#EGQ(XbFYMIoGr�EIlYFYX°rºoLQ(KNebÔ¾Q'EGF,R`oLKA�#X]U�ÒpBDFÊÐ�cgÍ�UiXboLF"! � cMLXbCLc�U(WYckhYQ(oGU(o�Í0oLe#rºoLQ�Í0oLK6h#ELQiXbFYM¶U � oH�YX]U � XZ[ic��D[VW#ELQic�RNFPl#KH�µc0Q'[�EGF,R6X°F�Ð`cgÍ�U(X°oqF$# � cMLXbCLcNUiWYc�h#QioLUio`Í�oqe�rºoLQ�ELR#R`X°F#MIU � oY�YX°U � Xb[ic��D[iW#EGQ(cgR¾FPl#KH�µc0Q'[0Òp\9XbF#EGebebÔ S XbFÎÐ�cgÍ�UiXboLF%�
� c/K6c0FPUiXboLF<E6Í�oqlYhYebc/oGr�EGhYhYebXZÍ0E3U(X°oqF#[�oGr9UiWYc+F#c � �#X]U�� R`c�Í�oqKNhµoq[iX°UiXboLF	hYQioLUio`Í�oqe�Ò
& �9�P�3�g|DvxuP·k´`y(~�®9y'y'u/�quP�'�gu�¡Lvx~}vx�gu��g£ ± ´P�L~�vx�+�`y({D�Zy'�i~ ³ ~}yi{}�+v]uP�0~}vx��u#���(�g{D{}y'�(~}uqy'|D|p�g{�q{}vxw��0�(�3�®�y('Pu�¡8~}�P�0~�|Dy(~D~}£xvxuP·/�b�g{�vx�+�`y({D�by'�(~~}y({}�+vxu���~}vx��u6´q�q~�`y({D�by'�(~��'�g{D{}y'�i~}uPy'|D| ± ��uN~}y({}�+vxuP� �~}vx��u ³ �guP¡²�`y({D�by'�(~��L{}v]wg�g�i�kv]|,~}�Py9´`yi~D~}y({��V�P��vx�'yg¸3�Gv]�+�q£¯��´`y'���0�P|Dy9~}�qy9�0~}�Py({��quP�'�gu�¡qv¯~}vx��uP�g£uP�0~}vx��uP|p���0u+´`y��g´q~V�0v]uqy�¡J�°{}��� |D�P�V�+��|D��£x�q~}vx�gu,¸ ¢ ��·gy(~�`y({D�Zy'�i~9~}y({}�+vxu���~}vx��u+�0u�¡¶�`y({D�by'�(~�'�0{D{}y'�(~}uPy(|D|¶´P�L~¶�guP£¯�I�quP�'�gu�¡Lvx~}vx�gu��g£9�q{}vxw��0�(��)µ®�qy'uI~}�Py8�q{}�0~}�3�'��£��0´`�g{D~}|'��{}y'�(��uP| ~D{}�q�(~~}�PyJvxuP�P�L~}|k�guP¡��'�g�+�P�L~}yJ~}�Py²{}y'|D�P£¯~}|'¸ ¢ �Pvx|��Lvxy'£]¡q|k�N�L{}�g~}�3�'�g£p®�qv]�V�	vx|��`y({D�by'�(~ky(»L�'y(�q~~}����~�vx~�£xy��0�L|�vxuq�b�g{}���0~}vx�guN®v¯~}�6|D���g£x£µ�L{}��´P�g´Pvx£xv¯~��3¸ ¢ �/·gy(~��`yi{D�Zy'�(~~}y({}�+vxuP�0~}vx��u#�P�`y({D�by'�(~�q{}vxwg�g�(�/´P�q~9��uq£x���quP�'�gu�¡Lvx~}vx�gu��g£`�(�g{D{}y'�(~}uqy'|D|*)G®�Py'u�~}�Py��q{}�0~}�3�'��£#�g´`�0{D~}|'�L|Dv]�+�q£¯�/{}y(~}�q{}u®v¯~}�+|D���+y¡L�P�+�J��·��Py(|D|9��~~}�qy�{}y'|D�P£¯~}|'¸ ¢ �qv]|��Lvxy'£]¡q|���q{}�g~}�3�(��£P®�qv]�V�/vx|p�`y({D�Zy'�i~9y(»L�'y(�q~~}����~�v¯~�vx|�vxuP�(�g{D{}y'�(~9®vx~}�8|D���g£x£`�L{}��´��0´Pvx£xv¯~��3¸LÜ§vxu��0£]£¯�3�3~}�k·�yi~�²�`yi{D�Zy'�(~}£¯��|Dy'�(�q{}y��L{}�g~}�3�'�g£�){}y({}�quJ~}�Py��L{}�g~}�3�'�g£q®�qy'u¶v¯~�g´`�0{D~}|'¸ ¢ �Pvx|p·�vxwzy'|p���`yi{D�Zy'�(~}£¯�J|Dy'�'�L{}y��L{}�g~}�3�'�g£s¸z��~��g�P��®9y'wzy({����uq£¯�8{}�quP|vxu,+.-0/1+.243�+.5²�(��uP| ~V�0u3~�{}�g�PuP¡q|'¸
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BDF�U(WYXZ[k[Vc�Í�U(X°oqF � c/X°FPUiQ(o`R`l#Í0c/[ioLK6c/FYoLU(E3U(X°oqF	ELF#R	[VoqKNc/a�FYo � F�Uic�Í'WYFYXO�ql#cg[gÒ�Ac	EL[([VlYK6c�U(W#E3U

n
h#ELQVU(X°c�[8EGQ(c�Í0oLFYFYc�Í�U(cgR ��Ô h,cgQVrºc�Í�UiebÔÊ[icgÍ�l#Qic�Í'W,EGFYFYcgeb[8X°F E[VÔ�F#Í'WYQ(oLF#oLl#[²FYc�U � oLQ(a§Ò,Ó�c0U Fp

RYc0FYoLUic�U(WYc Ì#FYX°Uic Ì#c0eZR � X°UiW p
cge°cgKNcgFPU([ � WYc0Q(c p

Xb[EAh#QiXbK6c S ELF#R e°c0U ` = dlog2 pe Ò � c � Xbe°e²Eq[i[ilYK6c	UiWYQ(oLl#MLWYoql`U6UiW#EGU p > 2κ S ELF#R[Vo � WYc0F#c0CLcgQ/oLFYcNoGr�oLlYQ¶hYQ(oGUio`Í0oLeZ[¶E��,oqQVU � X°UiW:E�hYQ(o��,E-�YXbe°X°U}Ô	UiW#EGU+Xb[ O(1/p) S UiWYXZ[
� X°ebeP�,cIÍ�oqF#[VXZR`cgQic�R�FYc0Mqe°XbMLX �Yebc�ELF#R � Xbe°eP�µc�XbMLF#oLQ(cgR�ÒB rJoLF#c�FYcgcgRY[ UioAc�V`cgÍ0l`Uic	oLl#QI [il6�LKDh#QioLUio`Í�oqe�I�[!K � X°UiW¼E+MqX°Cqc0F I [iK�EGebeOK9h#QiXbK6c p S oLFYckÍgEGF�EGe � EzÔ`[�c0V�c�Í�l`U(c�X°F�h,EGQ'EGebe°cgeE [il�U¼Í�Xbc0FPU(e°Ô ebELQiMqc�F�lYK"�,cgQ�oGr/X°F#[VU(ELF#Í�c�[NUio:K�EGaqc�U(WYcIr EGXbeblYQicIhYQ(o��,E-�YXbe°X°U}ÔÊ[iK6ELe°ec0FYoqlYMLW�Òj�Ô

[a]p � c�R`cgFYoGU(c�E<[Vc�Í�Q(c�U+[VW#ELQiXbFYMIoGr a ∈ Fp

o3CLc0Q
Fp

Ò � c¼EL[([VlYK6cNUiW,E3U+UiW#c[Vc�Í�Q(c�U��D[iW#EGQ(X°F#M [(Í'WYc0K6c+EGebe°o � [�U(o6Í0oLK6hYl`U(c�E6[VW#ELQiXbFYM [a + b mod p]p
rºQioqK

[a]p
ELF#R

[b]p � X°UiW#oLl`U�Í0oLK6K8lYF#XbÍgE3UiXboLF S EGF#R U(W#E3U¼X°U�EGebebo � [NUioÊÍ�oqK6hYl`Uic [ab mod p]p
rºQ(oLK

a ∈ Fp

EGF,R
[b]p �

X]U(WYoLlYU²Í�oLK6K lYFYXZÍ0E3U(X°oqF� � c � QiX°Uic
[a + b mod p]p ← [a]p + [b]p

EGF#R
[ab mod p]p ← a[b]prºoLQ+U(WYcg[ic¼oLhµc0Q'E3U(X°oqF#[gÒ�n�WYc�[icgÍ�Q(c�U�� [iW#ELQiXbFYMI[iÍ'WYcgK6c¼[VWYoqlYeZRAoLrkÍ�oLl#Q([ic�EGeZ[Vo ELe°ebo � U(oU(EGaqc+EN[iW#ELQiXbFYM

[c]p
ELF#R	QicgCLcgELeµUiWYc+C3EGeblYc

c ∈ Fp

Uio¼ELe°e�h#ELQVU(X°c�[�� � c � Q(X]U(c
c← ����������� ([c]p) .

�Ac	EGeZ[Vo¾Eq[i[ilYK6c¼U(W#E3U UiWYcI[icgÍ�Q(c�U6[VW,EGQ(X°FYM [(Í'WYcgKNc	EGebe°o � [�Uio Í�oLK6hYlYUicIE [VW,EGQ��X°FYM
[ab mod p]p

rºQ(oLK
[a]p

ELF#R
[b]p � X°UiW lYF#Í�oqF#R`X°UiXboLF#ELe�[icgÍ0lYQiX°U}ÔLÒ��AcIR`cgFYoGU(c¼UiW#cK8lYe°UiXbhYebXbÍgE3UiXboLFIhYQ(oGU(o`Í�oLe���Ô����
��� S EGF#R � Q(X]U(c

[ab mod p]p ←
���

��� ([a]p, [b]p) .

Ð�oLK6c�U(X°K6c�[ � c � Xbe°e�ELeb[io � QiX°Uic
[b mod p]p ←

���
��� ([a1]p, . . . , [al]p) ,

Uio*EzCLoqXbR � Q(X]U(X°FYM b2 ←
���

��� ([a1]p, [a2]p)
S b3 ←

���
��� ([b2]p, [a3]p)

S . . . S b ←���
��� ([bl−1]p, [al]p)

Ò#n�W#Xb[kÍ0oq[VU([
l − 1

Q(oLlYF,RY[�EGF#R
l− 1

XbF�CLo`Í0EGUiXboLF#[�oGr ���
���
Ò

�Ac � X°ebe�c�V`hYQ(cg[([�U(WYc�hYQ(oGUio`Í0oLeZ[0Ñ�QioqlYF#R�Í0oLK6hYebc�V`X°UiXbcg[�EL[pUiWYc�F�lYK"�,cgQ9oLr,[icb�PlYc0FPU(XbELeQioqlYF#RY[�oLr!���
���
XbFPCqo`Í0E3U(X°oqF#[ `&EGF#R U(WYc0XbQ�Í0oLK6K8lYF#XbÍgE3UiXboLF Í0oLK6hYebc�V`X]U(X°c�[�Eq[�UiW#co3CLc0Q'EGebe�F�lYKH�µc0Q¼oLr"���

���
XbF�CLo`Í0EGUiXboLF#[gÒ�B�Ò cLÒ S X]r � cIÌ#Q([VU¼Q(lYF a

Í�oqhYX°c�[6oGr#���
���
XbFh#EGQ'EGebe°cge�ELF#R�U(WYc0F QilYF

b
Í�oqhYXbcg[ oGr����

���
X°F h#EGQ'EGebe°cge S UiWYcgF � c	[(EzÔAUiW#EGU � c�W#EzCqcQioqlYF#R:Í�oqKNh#e°c0V�X°U}Ô

2
ELF#R:Í�oLK6K lYFYXZÍ0E3U(X°oqF Í0oLK6hYebc�V`X°U}Ô

a + b
Ò�m²oGU(c�UiW#EGU8[}U'EGF#R#EGQ'Re°XbFYcgELQCI CLcgQiX°Ì,E-�#e°cFK�[icgÍ�Q(c�U�� [iW#ELQiXbFYMk[(Í'WYc0K6cg[W#EzCqcc�U¼Í�Xbc0FPU�Í�oqF#[}U'EGFPU�� Q(oLlYF#R#[�hYQ(oGU(o�Í0oLeZ[rºoLQ�K8l#e]U(X°hYebXZÍ0E3U(X°oqF�Ò\YoLQ8oLlYQ�h#QioLUio`Í�oqeb[/U(o �µc�ELÍ�UiXbCLc0ebÔA[icgÍ0lYQ(c S U(WYc�[icgÍ0Qic0U [VW,EGQ(X°FYM<[(Í'WYc0K6c�ELF#R UiW#cK8lYe°UiXbhYebXbÍgE3UiXboLF	hYQ(oGU(o�Í0oLe§[VW#oLlYeZR �µc+ELÍ�UiXbCLc0ebÔ¼[icgÍ�l#QicqÒ�n�W#Xb[�XbF�h,EGQiUiXZÍ�lYeZEGQ�K6cgEGF,[�UiW#EGUUiWYc¼EqR`CLcgQ([(EGQ(Ô [}U(Qil,Í�Uil#Qic6K8l,[}UN�µc

Q2
Òpj�Ô<U(WYc�EqR`CLcgQ([(EGQ(Ô<[}U(Qil#Í�UilYQ(c � c�K6c�EGF UiWYc



[Vc0U A oLr�[Vl��#[Vc0U([ C ⊂ {1, . . . , n} � WYXZÍ'W U(WYc EqR`CLcgQ([(EGQ(Ô�K6XbMLWPU¶Í0oLQ(QilYhYU �#B U/XZ[ Q2
X]rX]UkWYoqebR#[�rºoLQkEGebe

C ∈ A UiW,E3U {1, . . . , n} \ C 6∈ A ÒÉ ebe�oLlYQ�hYQ(oGU(o`Í�oLeZ[�Í0ELFQ�µc+hYQ(o3CLc0F	[Vc�Í�lYQ(c¶X°F	UiW#c��=R*KNo`R`cge*@ R�ELF�Z���E�Ò`BDF	UiW#c��=RKNo`R`cge�oLlYQ�hYQ(oGU(o`Í�oLeZ[�Í0EGFQ�,c/c0V�h#Qic�[i[icgR�X°FIE8W�Ô�YQ(XbR�K6o�RYc0e � X°UiWIEGF�XZR`c�EGe§rºlYF#Í�UiXboLF��EGebX]U}Ô
F
ELe°ebo � XbFYM¼U(WYc h,EGQiUiXbcg[JUio	hYQ(X°C3E3U(c0ebÔ<e°oPELR<C3ELe°lYc�[¶X°F Fp

X°FPU(o
F
ELF#R EGebe°o � XbFYMUiWYc/h#ELQVU(X°c�[U(o6EqRYR S K8l#e]U(X°hYebÔ�ELF#R¼oql`UihYlYU�eboqEqR`cgR�EGF#R� 3oLQ�Í�oqKNh#l`Uic�R�C3EGeblYc�[0Ò`\YoqQ�ELFEGhYhYQ(oqEqÍ'W+Uio¶rºoqQiK lYebEGUic�[il#Í'WNELF XZR`c�EGe�rºlYF#Í�UiXboLF#ELe°X°U}Ô S [ic0c�cqÒ M,Ò S U(WYc É Q(X]U(WYK6c�U(XbÍ�j�eZELÍ'a8�j�oFV I É j�j K+rºQioqK @ HJm:Z��FE Ò9B U Í0ELF:UiWYcgF5�,c�[VWYo � F:U(W#E3UNEGF�XbF`rºoLQ(K�E3UiXboLF:U(WYc0oqQic0UiXZÍ�¶ÐYÐ � X]U(WÎE K lYe]U(X°h#e°XZÍ0EGUiXboLFÊhYQ(oGU(o`Í�oLe�X°K6hYebc0K6c0FPU'[8U(WYXZ[8XZR`cgELe�rºl#F#Í�U(X°oqF#EGebX]U}ÔaI�EL[8ELFc�VYEGK6hYebckU(WYc��/ÐYÐ�[iÍ'WYcgK6cg[�rºQ(oLK @ R�H T Z�ZFE � Xbe°e�R`oK�Ò`n�WYc²rºlYe°e�Cqc0Q'[VXboLF�oLr�UiW#Xb[�h#EGhµc0Q

� X°ebeÍ0oLFPU(ELX°F<K6oLQ(c�R`c0U(EGXbeZ[�oLF<WYo � oqlYQkhYQ(oGU(o�Í0oLeZ[�Í0ELF �,c�h#Qio3Cqc0F<[Vc�Í�lYQ(c+XbFIUiWYc��=RKNo`R`cge�Ò

����� � 
�� � � ��
�� � ���
	�� �����	����

n�WYc/rºoLebe°o � XbFYMNa�FYo � F�U(cgÍ'WYF#X �PlYc�[ � X°ebe �µc+oGrXbK6h,oqQVU'EGF#Í0c/ebEGUic0Q�oqF�Ò
�%����(��-#��C/  �#) ��L�����6n�WYc�h#EGQiUiXbcg[�ÍgEGF�[iW#EGQ(c�E<lYFYX°rºoLQ(K6e°ÔAQ(ELF#R`oLK S l#FYa�FYo � F Ì#c0eZRc0ebc0K6c0FPUgÒ��Ac � Q(X]U(c

[a]p ← � ��� p() .

n�WYXb[�XZ[�R`oLFYc=��Ô�e°c0UVU(X°FYMNcgEqÍ'W¼h#ELQVU}Ô
Pi

RYcgEGe�EN[VW,EGQ(X°FYM
[ai]p

oLrE�lYF#X]rºoqQiK6ebÔ�Q(ELF#R`oLK
ai ∈ Fp

Ò�n�WYc0FAUiWYc6h#ELQVU(X°c�[JÍ0oLK6hYl`U(cNUiWYc�[iW#EGQ(X°F#M
[a]p =

∑n

i=1[ai]p
Ò�n�W#c6Í0oLK6K8l6�FYXbÍgE3U(X°oqF Í�oqK6hYe°c0V`X]U}Ô:oGr²UiWYXZ[6Xb[NMqX°Cqc0F5��Ô

n
R`c�EGebX°F#Mq[ S � WYXZÍ'W � cIEL[([VlYK6c�Xb[NlYhYhµc0Q�,oqlYF#R`c�RQ��Ô�U(WYc�Í�oqK6hYe°c0V`X]U}Ô¼oLr9oqFYc/X°F�Cqo�ÍgE3U(X°oqF�oGr9UiW#c¶K lYe°UiXbhYe°XZÍ0EGUiXboLFIhYQ(oGU(o�Í0oLe�Ò

B r�h#Eq[i[iX°Cqc [icgÍ0lYQiX°U}Ô<XZ[¶Í0oLF#[iXZR`c0Q(cgR S U(WYXb[/XZ[¶UiQ(XbCPXZEGebebÔI[icgÍ0lYQ(cLÒ§B r�EqÍ�UiXbCLc6[icgÍ�l#QiX°U}Ô<Xb[Í�oLF,[VXZR`c0Q(cgR	EGF,R	[ioLK6c+h#ELQVU}Ô�Qic0rºl#[Vc�[�Uio¼Í0oLFPUiQ(XT�#l`Uic � X°UiW<E�R`c�EGebX°FYM S UiW#c�[VlYK Xb[ �}l#[}UU(EGaqc0FAo3CLc0Q²UiWYc�Í0oLFPUiQ(XT�#l`UiXbFYM�h,EGQiUiXbcg[gÒ§n�W#Xb[¶K6cgELF#[kU(W#E3U/U(WYcN[ilYK�XZ[/E3U/e°c�EL[VUJU'EGaqc0Fo3CLc0Q
ai

rºoLQ
i ∈ H S � W#c0Q(c H = {1, . . . , n} \ C

rºoLQ/[VoqKNc
C ∈ A Ò§Ð`X°F#Í0c A XZ[���[�X°UrºoLebe°o � [¶U(W#E3U H 6∈ A Ò9Ð�o S E3U�ebcgEq[}U�oqFYc�WYoLF#cg[VU�h#EGQiU}Ô � Xbe°e�Í0oLFPUiQ(X �Yl`Uic6U(oIUiWYc�[VlYK SX°K6hYebÔ�X°FYM�Q'EGF,R`oLK6FYc�[i[�EGF,R�hYQ(XbCzEqÍ�Ô¼oLrpU(WYc�[Vl#K	Ò

�%����(��-#��2���� 012�.���0/T ��C/T 0#) ��L�������J[VXbFYM @ j�jPB�D>E�UiWYc	h#EGQiUiXbcg[ Í0ELFÊ[VW#ELQic�E<lYFYX°rºoLQ(K6e°ÔQ(ELF#R`oLK S l#FYa�FYo � F S XbF�CLcgQVU(XT�Yebc6Ì#cgebR:cge°cgKNcgFPUNEGeboLF#M � X°UiW E [VW,EGQ(X°FYMIoLr�X°U([8X°F�Cqc0Q'[VcqÒ�Ac � Q(X]U(c
([a]p, [a

−1]p)← � ��� ∗p() ,

EGF#R¶X°UphYQ(o�Í0c0c�RY[�EL[§rºoqe°ebo � [�� [a]p ← � ��� p()
EGF#R

[b]p ← � ��� p()
Ò
[c]p =

���
��� ([a]p, [b]p)

Ò
c← ����������� ([c]p)

ÒzB r
c 6∈ F

∗
p
S U(WYc0FNE-�µoLQiUgÒ W UiWYcgQ � XZ[Vc S h#Qio`Í�cgcgR EL[prºoLebe°o � [�� [a−1 mod

p]p ← (c−1 mod p)[a]p
Ò W l`U(hYl`U

([a]p, [a
−1]p)

Ò
n�WYc Í0oLQ(Qic�Í�UiF#cg[([�Xb[¶[VUiQ'EGXbMLWPUVrºoqQ � EGQ'R�Ò É [²rºoLQJhYQ(X°C3ELÍ0Ô S X]r c ∈ F

∗ S UiW#c0F (a, b)
XZ[²ElYFYX°rºoLQ(KNebÔ	Q(ELF#R`oLK$c0ebc0K6cgFqU²rºQioqK

F
∗ × F

∗
rºoLQ � W#XbÍ'W ab mod p = c S EGF,R	UiW�l#[ a

XZ[E�l#FYX]rºoqQiK6ebÔ Q'EGF#R`oqK�c0ebc0K6cgFqU+XbF
F
∗
p

ÒpB r
c 6∈ F

∗ S UiWYcgF UiWYc�EGebMLoqQiX°UiW#K E-�µoLQiU([gÒ�n�WYXb[W#EGhYhµc0F,[ � X]U(W:hYQio?�#E-�#X°ebX]U}Ô<ebcg[([/U(W#EGF 2/p
Ò�n�WYc¼Í�oqK6hYe°c0V`X]U}Ô XZ[)I EGU�K6oq[VU�K

2
QioqlYF#RY[EGF#R

3
X°F�Cqo�ÍgE3U(X°oqF#[�oGr ���

���
Ò



���&���-���&(� �(����������2��� ��/ ��� $&/M���!�-�.���-� � �²[iX°F#MJU(WYc�Uic�Í'WYFYXO�ql#c�rºQ(oLK @ j�jPB�DFEYX°U�Xb[9hµoq[([VX �YebcUio�RYo�lYF�µoLlYF#RYcgRIr ELF���XbF¾K lYe°UiXbhYe°XZÍ0EGUiXboLF XbF¾Í0oLF#[VU(ELFqU¶QioqlYF#RY[gÒ,\#oLQJUiWYcN[VhµcgÍ0XbELe9ÍgEL[ic
� WYc0Q(c � c+Í�oqK6hYl`Uic�ELe°e��VhYQ(c�Ì6V�hYQio`R`l,Í�U([
	 ∏m

i=1 ai

I
m = 1, . . . , `

K S � c � Q(X]U(c
([a1]p, . . . , [(a1a2 · · · a`) mod p]p)←

���
��� ∗([a1]p, . . . , [a`]p) .

BDF¼UiW#c²rºoqe°ebo � X°F#M S � cJoLFYebÔ�FYc0c�R6UiW#c/ÍgEL[ic � WYcgQic � cJW#EzCLcJX°F#hYl`U([ [a1]p, . . . , [a`]p
S

� WYc0Q(c ai ∈ F
∗
p

Ò#\YoqQ
1 ≤ i0 ≤ i1 ≤ ` S e°c0U ai0,i1 =

(

∏i1
i=i0

ai

)

mod p
Ò��Ac�ELQic+oLrsUicgF

oLFYebÔ¼XbFqU(c0Q(cg[VUic�R�XbF<Í�oqKNh#l`UiXbFYM
a1,`

S �Yl`UkU(WYc+K6c�U(WYo`R	ELe°ebo � [�Uio¼Í0oLK6hYl`U(c�EGF�Ô¼oLUiWYcgQ
ai0,i1

EGU�UiWYc8Í0oq[VUkoGr�oLFYc+c0V�UiQ'E6K8lYe°UiXbhYebXbÍgE3UiXboLFpÒ#\YoqQ�UiWYc Í�oLK6hYebc�V`X°U}Ô�ELF#EGebÔ`[VXZ[ S ebc�U AR`c0FYoLUic¶UiW#c+FPl#KH�µc0QkoLr
ai0,i1

Ñ [ � WYXbÍ'W � c � ELFqU�U(o6Í0oLK6hYl`U(cLÒ\XbQ'[}U Q(lYF
� ��� ∗p ` + 1

UiXbKNc�[ XbF h#EGQ'EGebe°cge S U(o*MLcgFYc0Q'E3U(c [b0 ∈R F
∗]p, [b1 ∈R

F
∗]p, . . . , [b` ∈R F

∗]p
S ELe°oqFYM � X°UiW [b−1

0 ]p, [b
−1
1 ]p, . . . , [b

−1
` ]p

S l#[iX°FYM 2
QioqlYF#RY[6ELF#R

3(` + 1)
XbFPCqo`Í0E3U(X°oqF#[�oGr ���

���
Ò#\#oLQ�[VXbK6hYebXbÍ0X]U}Ô � c � X°ebe�l#[ic¶UiWYc+c�[}U(X°K�E3U(c/oGr 3`

X°F�Cqo-�Í0E3U(X°oqF#[gÒ
n�WYc0FIrºoqQ

i = 1, . . . , `
Í�oqK6hYl`UicNEGF#RIQ(c0CqcgELe

[di]p =
���

��� ([bi−1]p, [ai]p, [b
−1
i ]p)

Sl#[VXbFYM
2
QioqlYF#RY[�ELF#R

2`
XbF�CLo`Í0EGUiXboLF#[�oGr ���

���
Ò

mko � � c�W#EzCqc�UiW#EGU di0,i1 =
∏i1

i=i0
di = bi0−1(

∏i1
i=i0

ai)b
−1
i1

= bi0−1ai0,i1b
−1
i1

(mod p) S [Vo � cJÍgEGF¼Í0oLK6hYl`U(c [ai0,i1 ]p = di0,i1

���
��� ([b−1

i0−1]p, [bi1 ]p)
S l,[VXbFYM 1

Q(oLl#F#REGF#R
A
X°F�Cqo�ÍgE3U(X°oqF#[�oGr ���

���
Ò

n�WYc/o3CLc0Q'EGebe�Í�oqKNh#e°c0V�X°U}Ô�XZ[
5
QioqlYF#RY[�ELF#R

5` + A
X°F�CLo`ÍgE3UiXboLF,[�oLr ���

���
Ò

������

�������������
������ �����������

������� �!��" #��!�!��$�%�

&%!��
◦

&%!��
∨
á &%!��
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9@?<A

B C�È}Â�D5E �pÇ§Ä �GF+Ä ��È}Â`ÈVÄ�Á
Ó�c�U

p
�,c:E hYQiXbK6c

p ∈ [2`−1, 2`]
Ò � cAebo�oLa*EGU�U(WYc �YX]U�� RYcgÍ�oqK6h,oP[VX°UiXboLF rºlYF#Í�U(X°oqF

H�I �/J : Fp → (Fp)
`, a 7→ (a0, . . . , a`−1)

MqX°Cqc0F4��Ô
a0, . . . , a`−1 ∈ {0, 1} ⊆ Fp

ELF#R



a =
∑`−1

i=0 ai2
i S � WYc0Q(c a ∈ Fp

XZ[+Í�oLF,[VXZR`c0Q(cgRAE	Qic�[VXZR`lYc
a ∈ {0, 1, . . . , p − 1} Ò�� cR`c0FYoLUic+E6Q(lYF�oLrU(WYXZ[�hYQioLUio`Í�oqe ��Ô

([a0]p, . . . , [a`−1]p)← H�I �/J ([a]p) .
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x < y S [VU(ELQVU(X°F#M²rºQ(oLK �YX°U � XZ[Vc�[iW#EGQ(X°F#Mq[ S [x]B = [x0]p, . . . , [xl−1]pEGF#R
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������� (c, [b]B) S � WYc0Q(c [d]B = ([d0]p, . . . , [d`]p)
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EGF,R

d = c + b
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f = 2` − p S ebc�U g ∈ Z
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i = 0, . . . , `− 1

X°FIh#ELQ(ELe°ebc0e �
[bi]p ← � ��� 2()
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c← ����������� ([c]p)
Ò

!`Ò�B r
c = 0 S U(WYc0F<E��,oqQVU�Ò W UiWYcgQ � XZ[Vc¶hYQ(o`Í�c0c�R�Eq[P�,cge°o � Ò#YÒ
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oGr�ElYFYX°rºoLQ(KNebÔ6Q(ELF#R`oqK

a ∈ {0, 1} ⊆ Fp

Ò��Ac/EL[([ilYK6ckUiW,E3U
p > 2

[il#Í'W�U(W#E3U
Fp

R`o�cg[�FYoLUW#EzCLc/Í'W#EGQ'ELÍ�UicgQiXZ[}U(XbÍ
2
Ò\XbQ'[}U6[VoqKNc�FYoGU'E3UiXboLFpÒ9Ópc�U

F
∗
p

�µc�U(WYc�[ic�UNoGrkFYoqF�� ^0c0Q(o cge°cgKNcgFPU([�oLr
Fp

EGF#RÊe°c0U
Qp ⊂ F

∗
p

�µc¾U(WYc:[Vl6�,[Vc0U	oLr [��Pl#ELQic�[0Ò�\YoqQ
a ∈ Qp

S ebc�U √a
�,cAUiW#cAlYF#X �PlYc

b ∈
{1, . . . , (p − 1)/2} � WYc0Q(c b2 mod p = a

Ò�� c�R`c�Ì,FYc
S : F

∗
p → Fp

��Ô
S(x) = 1

X°r



0 < x < p/2
EGF#R

S(x) = −1
X°r

p/2 < x < p
ÒLmkoLUic�UiW,E3U�X°UWYoLeZRY[9rºoqQEGebe

x ∈ F
∗
p

UiW#EGU
x = S(x)

√
x2 mod p

Ò�R�ebcgELQiebÔ S X]r a ∈R F
∗
p

Xb[9EklYF#X]rºoqQiK6ebÔJQ'EGF#RYoLK FYoLF6��^gc0Q(o�c0ebc0K6c0FPU SUiWYcgF
S(a)

Xb[JlYFYX°rºoLQ(K6e°Ô	Q(ELF#R`oqK XbF {1,−1} ELF#R S rºlYQVU(WYc0Q(K6oLQ(c S S(a) = a(
√

a2)−1 Òn�WYXb[²[VlYMqMLc�[}U'[�U(WYc/rºoLebebo � X°FYMNhYQ(oGU(o�Í0oLe�Ò
� ��
���
 	1
��

[d]p ← ����� 2()

�LÒ
[a]p ← � ��� p()

Ò
[`Ò

[a2 mod p]p =
���

��� ([a]p, [a]p)
Ò

�YÒ
a2 mod p← ����������� ([a2 mod p]p)

Ò
�#Ò�B r

a2 mod p = 0 S UiWYcgFIE��,oqQVU�Ò W UiWYcgQ � XZ[ic S hYQ(o`Í�c0c�R�Eq[C�,cge°o � Ò!`Ò
b =
√

a2 mod p
Ò

#YÒ
[c]p ← (b−1 mod p)[a]p

Ò
��Ò

[d]p ← 2−1([c]p + 1)
Ò

BYÒ W l`U(hYl`U
[d]p
Ò

É [+rºoqQ Í0oLQ(Qic�Í�UiF#cg[([ S FYoLUiXZÍ�c�U(W#E3U � WYc0F � � � 2
R`o�c�[�FYoLU E-�µoLQiU S UiWYcgF c = S(a) S

� WYc0Q(c c
Xb[U(WYc�C3ELe°lYc�[iW#EGQ(cgR+XbFNÐ�Uic0h #YÒzn�WYcgQic0rºoLQ(c

c
XZ[9lYFYX°rºoLQ(KNebÔ+Q'EGF#R`oqK X°F {1,−1} ÒB U�UiWYcgF	c�EL[iX°ebÔ�rºoqe°ebo � [�UiW#EGU d

Xb[�l#FYX]rºoqQiK6ebÔ�Q'EGF#RYoLK XbF {0, 1} ÒÉ [/rºoqQ�hYQ(X°C3ELÍ0Ô S F#oGUic6U(W#E3U � WYc0F:U(WYc�hYQ(oGUio`Í0oLe�R`o�c�[+FYoGU8E��,oqQVU S UiW#c0F a
XZ[+lYF#XM�rºoLQ(KNebÔ	Q(ELF#R`oLK rºQ(oLK

F
∗
p
S EGF,R � c EGQ(c�cg[([VcgFPUiXZEGebe°Ô�l#[VXbFYM S(a)

EL[²oLl`U(hYl`U�Ò§n�W#c�oLFYebÔX°F`rºoqQiK�EGUiXboLF�ebcgELaLc�R�E-�µoLlYU
a
XZ[

a2 mod p S � WYXZÍ'W	Xb[�XbF#R`c0hµc0F,R`c0FPUkoGr S(a) � WYc0FIE8XZ[lYFYX°rºoLQ(KNebÔ¼Q'EGF#RYoLK=XbF
F
∗
p

ÒB r
a = 0 S U(WYc0F	UiW#c+hYQioLUio`Í�oqe�E-�µoLQiU([gÒ`n�WYXb[kW#EGhYhµc0F,[ � X]U(W<hYQio?�#E-�#X°ebX]U}Ô 1/p

Òn�WYc+Í�oLK6hYebc�V`X°U}Ô�oGr9MLc0F#c0Q'E3UiXbFYM
[a]p

XZ[P�,oqlYF#R`c�R ��Ô�U(WYc�Í�oqKNh#e°c0V�X°U}Ô�oGr9oLFYc/K lYeM�UiXbhYe°XZÍ0EGUiXboLF�ÒYn�W#c0F	oLFYc/K8l#e]U(X°hYebXZÍ0E3U(X°oqF�XZ[�FYcgcgR`c�R¼U(o6Í0oLK6hYl`U(c
[a2 mod p]p

ÒYn�WYc+Q(cg[VUXb[�c�[i[ic0FPU(XbELe°ebÔ6rºoLQ�rºQ(c0cqÒYn�WYXb[kMLXbCLcg[�E6Í�oqK6hYe°c0V`X]U}Ô¼oLr
2
Q(oLlYF,RY[�EGF#R

2
X°F�CLo`ÍgE3UiXboLF,[0Ò

� C�È}Â�� È
� ��� �����%D
	��	��Á
�Ac�[iWYo � WYo � Uio<Í�oqKNh,EGQ(c8U � oQ�#X]U � XZ[Vc0� [iW#ELQic�R<F�lYKH�µc0Q'[/X°F:Í�oqF#[VU(EGFPU/QioqlYF#RY[gÒ�� cÌ#Q([VU�hYQ(cg[ic0FPU�U � o�[il6��� hYQioLUio`Í�oqeb[gÒ
���� ��� � � � � ����	�� 	 � 	 ���
����
É [([VlYK6c¶UiW,E3U � c/W#EzCqcJXbFYhYlYU([ [a1]p, . . . , [a`]p

S � WYcgQic a1, . . . , a` ∈ {0, 1} ⊆ Fp
S ELF#R

� ELFqUNUio�Í0oLK6hYl`U(c	E:[iÔPK6K6c�U(QiXZÍ	j�o�oqe°c�EGF�rºlYF,Í�UiXboLF f
oqFÊU(WYcg[icLÒ � c<EGeZ[VoAFYc0c�RÊU(oEL[([VlYK6c¶UiW,E3U

Fp

W#Eq[�Í'W#EGQ'ELÍ�Uic0Q(XZ[}U(XbÍ²ebELQiMqc0Q�UiW#ELF
` + 1 S � W#XbÍ'W	WYc0Q(c��}l#[VUkKNc�EGF#[�U(W#E3U

� c/FYcgcgR�UiW#EGU ` < p− 1
ÒÉ [iÔPK6K6c�U(QiXZÍ�j�o�oLebcgELF/rºlYF#Í�UiXboLF8oqFYebÔ/RYc0hµc0F#RY[9oqF+UiWYc�F�lYKH�µc0Q9oGr �qÑ [XbF8X°U([X°FYh#l`U SX]UJÍgEGF	UiW#c0Q(c�rºoLQ(c��µc � QiX°UVU(c0F Eq[ f(x1, . . . , x`) = φ(1 +

∑`

i=1 xi)
rºoLQ¶[VoqK6c/rºlYF#Í�U(X°oqF

φ : {1, 2, . . . , ` + 1} → {0, 1} Òj�ÔÊÓpELMLQ'EGFYMqc¼X°FPU(c0Q(h,oqebEGUiXboLF S � c	Í0ELF Í�oqF#[VUiQ(l#Í�U6Eh,oqe°Ô�FYoqKNXZEGe � X]U(W Í�o�c�U¼Í0X°cgFqU'[ α0, . . . , α`

[il#Í'WIUiW,E3U
φ(X) =

∑`
i=0 αiX

i mod p
rºoLQ

X ∈ {1, 2, . . . , ` + 1} ÒYn�WYXZ[�EGebebo � [�ENh#ELQVU(XbÍ0lYeZEGQ(e°Ô6c�U¼Í0X°cgFqUk[icgÍ0lYQic+Í0oLK6hYl`U'E3UiXboLF S EL[rºoLebe°o � [gÒ



� ��
��
 	�
 �
[f(a1, . . . , a`) mod p]p ← f([a1]p, . . . , [a`]p)

�LÒ
[a]p ← 1 +

∑`

i=1[ai]p
Ò

[`Ò
([a]p, [a

2 mod p]p, . . . , [a
`+1 mod p]p)←

���
��� ∗([a]p, . . . , [a]p)

Ò
�YÒ

[f(a) mod p]p ←
∑`

i=0 αi[a
i mod p]p

Ò
BDF	ÐPU(c0h,[ � c¶W#EzCqc�UiW#EGU a ∈ F

∗
p
S [io � c¶ÍgEGF�ELhYhYebÔ6UiWYc¶hYQ(oGU(o�Í0oLe ��� ��� ∗ [icgÍ�l#Qicge°ÔqÒn�WYc h#QioLUio`Í�oqepXZ[¶Í0e°c�EGQ(e°Ô	hYQ(X°C3EGUic6EGF#R Í0oLQ(Qic�Í�U�Òµn�WYcNÍ�oqKNh#e°c0V�X°U}ÔIXb[

5
QioqlYF#RY[¶EGF#R

6`X°F�CLo`ÍgE3UiXboLF,[�oLr ���
���
Ò

���� � ��������� � �
É [([VlYK6c¶UiW,E3U � c/W#EzCqcJXbFYhYlYU([ [a1]p, . . . , [a`]p

S � WYcgQic a1, . . . , a` ∈ {0, 1} ⊆ Fp
S ELF#R

� ELFqU�U(o6Í0oLK6hYl`U(c/UiWYc+h#Qic0Ì6V��oqQ [b1]p, . . . , [b`]p
S � WYcgQic bi = ∨i

j=1aj

Ònpo<o?�`U(ELX°F:Í�oqKNh#e°c0V�X°U}Ô¾ebXbFYcgELQ�X°F
` S � c�l#[ic6UiWYc�KNc0UiWYo`R ��Ô R�W,EGF#R`Q'E S \#oLQiUilYF#cEGF#RÊÓpX°hYUioLF @ R�\�Ó B1�LEFE Ò�\YoLQNFYoLU(E3U(X°oqF#EGe�Í�oqFPCqc0FYXbc0F,Í�c S EL[([Vl#KNc¼UiW#EGU ` = λ2 rºoLQ ELFX°FPUicgMLcgQ

λ
Ò � c � Xbebe¶[ihYebX]U a

XbFPUio
λ
�Yebo�Í'a`[�oGr

λ
�YX°U([�cgELÍ'WpÒ�\YoqQ¼U(WYXb[�hYlYQ(hµoq[ic � cQicgF#EGK6c¼c�ELÍ'W �YX°U

ak

EL[
ai,j � WYcgQic k = λ(i − 1) + j S EGF#R i, j = 1, . . . , λ

Ò�n�W�l#[ S
a = (a1,1, a1,2, . . . , a1,λ, a2,1, . . . , a2,λ, . . . , aλ,λ) S ELF#R rºoqQ i = 1, . . . , λ S � c Í0ELe°e
ai,1, . . . , ai,λ

E,�Yebo`Í'a¾oGr
a
Òpn�WYc¼R`c�[VXbQic�R oLl`U(hYl`U � Xbe°e �µc�[ihYebX]U�XbF �Yebo�Í'a`[/l#[iXbFYMIUiWYc[iELKNcJFYoGU'E3U(X°oqF�Òqm²oGUic²UiW#EGU � cJÍgEGF¼Í0oLK6hYl`U(c¶ELF W Q � X°UiW¼l#F8�µoLl#F#R`cgR¼r EGF�� XbF S [x]p ←

∨λ
j=1[xj ]p

S l#[iX°F#M�Ð`cgÍ�U(X°oqF !`Ò � S EL[�U(WYXb[kXb[kE6[iÔ�KNK6c0UiQ(XbÍJrºlYF#Í�UiXboLF�Ò

� ��
��
 	�
 �
([b1]p, . . . , [b`]p)← � ��� ∨([a1]p, . . . , [a`]p)

�LÒ�\#oLQ
i = 1, . . . , λ S X°FIh#ELQ(ELe°ebc0e � [xi]p = ∨λ

j=1[ai,j ]p
Ò

[`Ò�\#oLQ
i = 1, . . . , λ S X°FIh#ELQ(ELe°ebc0e � [yi]p = ∨i

k=1[xk ]p
Ò

�YÒ
[f1]p = [x1]p

Ò
�#Ò�\#oLQ

i = 2, . . . , λ S e°c0U [fi]p = [yi]p − [yi−1]p
Ò

!`Ò�\#oLQ
i = 1, . . . , λ S j = 1, . . . , λ S XbF�h#ELQ(ELe°ebc0e � [gi,j ]p =

���
��� ([fi]p, [ai,j ]p)

Ò
#YÒ�\#oLQ

j = 1, . . . , λ
�
[cj ]p =

∑λ

i=1[gi,j ]p
Ò

��Ò�\#oLQ
j = 1, . . . , λ S X°F	h#ELQ(ELe°ebc0e � [b·,j ]p = ∨j

k=1[ck]p
Ò

BYÒ�\#oLQ
i = 1, . . . , λ S j = 1, . . . , λ S XbF h#ELQ(ELe°ebc0e � [si,j ]p =

���
��� ([fi]p, [b·,j ]p)

Ò
DYÒ�\#oLQ

i = 1, . . . , λ S j = 1, . . . , λ
�
[bi,j ]p ← [si,j ]p + [yi]p − [fi]p

Ò
n�WYc²hYQ(XbCzEqÍ�ÔNrºoLebebo � [rºQ(oLK UiW#c²r EqÍ�U�U(W#E3U � cJoqFYe°Ô�ÍgEGebe,hYQ(XbCzEGUic¶[Vl6�6��hYQ(oGU(o`Í�oLeZ[gÒ É [rºoLQ�U(WYc²Í�oqQiQ(cgÍ�UiFYc�[i[ S UiWYc²CzELQiXZE-�#e°c�[�W#EzCLc�UiW#c�rºoLebe°o � XbFYM+XbFqU(c0Q(hYQ(c�U(EGUiXboLF�Ò�� ckW#EzCqc�UiW#EGU

xi = 1
XTS U(WYc/UiWYc

i
Ñ UiW,�Yebo�Í'a�Í�oLFPU'EGXbF#[�E

1
ÒYn�WYc0Q(c�rºoqQic

yi = 1
XTS UiWYcgQic/XZ[�E��/X°F	oLFYcoGrU(WYc

i
Ì#Q'[VU:�Yebo`Í'a�[ S EGF#R fi = 1

XMS:UiW#c
i
Ñ UiW �Yebo`Í'aIXb[JUiW#c8Ì#Q'[VU:�Yebo`Í'a�U(o	Í0oLFPU(ELX°F E

1
Ò�G²c0F#Í0c�UiW#c�[Vc>�PlYc0F#Í0c¼oGr

fi

CzELe°l#cg[�W,EL[/rºoqQiK
f = (0, . . . , 0, 1, 0, . . . , 0) S EGF#R � ce°c0U

i0
�µc U(WYc6h,oP[VX°UiXboLF oGr�UiWYc�[iX°F#MLebc �0���YX°UgÒ�m²o � S rºoLQ i < i0

S UiWYc i
Ñ UiW	�Ye°o`Í'a<oLr�UiW#coLl`U(hYl`U�[VW#oLlYeZR �µc�EGebe

0
Ñ [gÒ�\YoqQ

i > i0
S UiW#c i

Ñ UiW	�Yebo�Í'a<oLrUiW#cNoql`Uih#l`U�[VWYoqlYeZR �µc6ELe°e
1
Ñ [0ÒY\9XbF#EGebe°Ô S UiW#c i0

Ñ U(WY�Ye°o`Í'a¼oLrU(WYc+oLlYUihYl`U²[iWYoqlYebR�UiW#c�hYQ(c�Ì6V� oLQ�oGr9UiWYc
i0
Ñ UiWIXbFYhYl`U

�Ye°o`Í'a§Ò�n�WYc �Yebo�Í'a
c = (c1, . . . , cλ)

Xb[¶rºoqQiK6cgR4��Ô<U(ELaPXbFYM�UiWYc �VXbFYFYc0Q/hYQ(o`R`l#Í�U
	 oLr
f



EGF#R
a
EGF#R UiWYcgQic0rºoLQ(c S �PÔIU(WYcN[ihµcgÍ�XZEGe9rºoqQiK oGr f S c>�Pl#EGeZ[JUiWYc i0

Ñ UiW;�Ye°o`Í'a<oLr
a
Ò§n�W#cCzELe°l#cg[

(b·,1, . . . , b·,λ)
ELQic�U(WYc�hYQic0Ì6V��oqQ �YX]U'[�oGr

c
ÒGn�WYXZ[�KNc�EGF#[9U(W#E3U�U(WYcP�YX°U([

si,j

rºoqQiKEGF�ELe°eT�
0
CLcgÍ�UioqQ S c�VYÍ�cgh`U�U(W#E3U�UiWYc i0

Ñ UiWJ�#e°o`Í'a6cb�Pl#ELeb[
c
ÒPB U�FYo � rºoqe°ebo � [�R`XbQ(cgÍ�U(e°ÔNrºQ(oLKUiWYc²rºoLQ(K oLrµU(WYc

si,j

Ñ [ S fi

Ñ [�ELF#R
yi

Ñ�[�U(W#E3U�UiWYcJoLl`U(hYl`U �#X]U'[
bi,j

MLc0UUiWYc¶Í�oqQiQ(cgÍ�UCzELe°l#cX°F	UiW#c/Ì#F#EGe�[VUicgh�Ò
n�WYcJh#QioLUio`Í�oqeµl,[Vc�[

3λ
X°F�CLo`ÍgE3UiXboLF,[oGrUiWYc/hYQ(oGU(o`Í�oLe,rºoLQk[iÔ�K6KNc0UiQ(XbÍ²rºlYF#Í�UiXboLF#[ S XbFUiWYQ(c0c�Q(oLlYF,RY[+EGF#R oqF h#Qio?�Ye°cgK�[+oGr�[VXb^0c

λ
Òn�W#Xb[+MqX°Cqcg[+E<Í0oLK6hYebc�V`X]U}Ô¾oGr

15
QioqlYF#RY[EGF#R

18`
XbFPCqo`Í0E3U(X°oqF#[gÒqj�cg[iXbRYcg[�UiWYXZ[�UiWYcgQic¶EGQ(ckU � o8Q(oLlYF#R#[oGr ` K8lYe°UiXbhYebXbÍ0EGUiXboLF#[�c�ELÍ'W SMLXbCPXbFYM�E UioLU(EGe�Í0oLK6hYebc�V`X°U}Ô¼oGr

17
QioqlYF#RY[�ELF#R

20`
XbF�CLo`Í0EGUiXboLF#[gÒ

���� � ���*� � ��� � ����� � � � � �

�Ac FYo � R`cg[(Í�Q(XT�µc+U(WYc8hYQ(oGU(o`Í�oLe H�I ������� Ò§mkoLUic+U(W#E3U¶MLXbCLc0F [iW#ELQiXbFYMq[koGr�U � o �YX]U'[ [a]pEGF#R
[b]p � c¾ÍgEGF Í0oLK6hYl`U(c<UiWYcgX°Q��²oqQ�XbF*oLF#c¾Q(oLlYF#R ��Ô Ì#Q'[}U	Í�oLK6hYlYUiXbFYM

[d]p ←
[ai]p − [bi]p

EGF#R	U(WYc0F Í0oLK6hYl`U(X°FYM
[e]p ←

���
��� ([d]p, [d]p)

Òµj�c0ebo � � c � QiX°Uic�UiWYXZ[²Eq[
[e]p ← � ��� ([a]p, [b]p)

Ò

� ��
���
 	1
��
[c]p ← ����� 
 � � ([a]B, [b]B)

�LÒ�\#oLQ
i = 0, . . . , `− 1

�
[ei]p ← ����� ([ai]p, [bi]p)

Ò
[`Ò

([f`−1]p, . . . , [f0]p) = ����� ∨([e`−1]p, . . . , [e0]p)
Ò

�YÒ
[g`−1]p = [f`−1]p

Ò
�#Ò�\#oLQ

i = 0, . . . , `− 2
�
[gi]p ← [fi]p − [fi+1]p

Ò
!`Ò�\#oLQ

i = 0, . . . , `− 1
�
[hi]p ←

���
��� ([gi]p, [bi]p)

Ò
#YÒ

[h]p ←
∑`−1

i=0 [hi]p
Ò

��Ò W l`U(hYl`U
[h]p

Ò

�QiXbC3ELÍ0Ô�rºoLebe°o � [�rºQioqK=UiW#c+r ELÍ�U�UiW#EGU � c+oqFYebÔ�Í0ELe°ephYQiXbC3E3U(c�[Vl6�6��hYQ(oGU(o`Í�oLeZ[gÒ É [�rºoqQUiWYc8Í0oLQ(Qic�Í�U(FYcg[([ S Eq[i[ilYK6c/UiW#EGU a 6= b S EGF#RIebc�U i0
RYc0FYoLUic/UiW#c�ebELQiMqcg[VU�X°F#RYc�V

i S � WYc0Q(c
ai 6= bi

ÒPn�W#c0F
a < b

XTS
bi0 = 1

ÒPm²oGU(ckUiW,E3U
i0
Xb[UiWYc¶eZEGQ(MLcg[VU

i
rºoLQ � WYXbÍ'W fi = 1 S EGF,RUiW�l#[

gi = 1
XTS

i = i0
ÒYn�WYcgQic0rºoLQ(c

h = bi0

Ò`BDF�UiWYc�[ihµcgÍ�XZEGe�ÍgEL[ic
a = b S Í0e°c�EGQ(e°Ô h = 0 SEL[�X°U²[VWYoqlYeZR �µcLÒ

n�WYc²hYQ(oGU(o`Í�oLe#l#[Vc�[�oqFYckXbF�CLo`Í0EGUiXboLF�oGr
� ��� ∨

oLF�ELF�X°F#[VU(ELF#Í�cJoGrp[iX°^gc
` S Í�oq[VUiXbFYM 17QioqlYF#RY[�EGF,R

20`
X°F�CLo`ÍgE3UiXboLF,[oGr ���

���
Ò`n�WYcgF�U(WYc0Q(c¶ELQic²U � oNQ(oLlYF#R#[�K6oLQ(c S c�ELÍ'W¼oLr `X°F�CLo`ÍgE3UiXboLF,[�oLr ���

��� S MLXbC�X°FYM�E UioLU(ELe�oGr 19
QioqlYF#RY[�ELF#R

22`
XbF�CLo`Í0EGUiXboLF#[�oGr ���

���
Ò

� C�È}Â�� È
� ����Æ��

�Ac�[iWYo � WYo � U(o	EqRYR¾U � o,�YX°U � Xb[ic��D[VW,EGQ(cgR<F�lYK"�,cgQ([¶XbF Í0oLF#[VU(ELFqU¶QioqlYF#RY[gÒ �AcNÌ#Q'[VUhYQic�[VcgFPU�E6[il6��� hYQ(oGUio`Í0oLe�Ò



� ��� � ����� ����	������ � � 	1
�����	���� ���
����

É [([VlYK6c<U(W#E3U � c<W,EzCLc [ioLK6c¾EGebhYW#E��,c0U Σ ⊆ {0, 1}n ELF#R �YX°U � Xb[ic��D[VW,EGQ(cgR X°F#hYl`U([
[a1]B, . . . , [a`]B

S � WYc0Q(c ai ∈ Σ
Ò�n�W#EGU�Xb[ S [ai]B = [ai,1]p, . . . , [ai,n]p

Í�oqF#[VXZ[VU([/oGr
n[VW#ELQiXbFYMP[�oGr&�YX°U([ S ELF#R (ai,1, . . . , ai,n) ∈ Σ

Ò É [i[ilYK6c�rºlYQVU(WYc0Q(K6oLQ(cU(W#E3U�EGFNEL[([Vo`Í�XZE3U(X°Cqc
�YX°F,EGQ(Ô¼oLhµc0Q'E3U(oLQ ◦ : Σ ×Σ → Σ

Xb[�MqX°Cqc0F	EGF#R�UiW,E3U � c � EGFPU�Uio�Í0oLK6hYl`U(c�[VW#ELQiXbFYMP[
([b1]B, . . . , [b`]B) = ����� ◦([a1]B, . . . , [a`]B) ,

� WYc0Q(c bi = ◦ij=1aj

Ò É [([ilYK6c�UiW#EGUpX°UpXb[ph,oP[i[iX �Ye°c�U(o²[icgÍ�l#Qicge°Ô¶Í�oLK6hYlYUic�E�[iW#EGQ(XbFYM
[b`] =

◦`j=1[aj ] �
X°UiW Í�oqK6hYe°c0V`X]U}Ô

R
Q(oLl#F#RY[�EGF,R

C(`)
XbF�CLo`Í0EGUiXboLF#[ oGr"���

���
Ò\#oLQ¼[iWYoLQiU S

� c � X°ebe�Qic0rºc0Q�U(o ◦`j=1[aj ]
Eq[�U(WYc��V[ilYK 	�oGr

a1, . . . , a`

Ò � c	Eq[i[ilYK6c�rºoqQ FYoLU(EGUiXboLF#ELe
Í�oLF�Cqc0FYXbc0F#Í0c²U(W#E3U

` = 2k
rºoqQk[VoqK6c

k
Ò

�AcIl#[ic	UiWYc<K6c�U(WYo`R ��Ô R�W,EGF#R`Q'E S \#oLQiUilYFYc<ELF#R ÓpX°hYUioLF @ R�\�Ó B����E�Ò\#oLQ�c�ELÍ'W
i = 1, . . . , k � c � Xbe°e [VhYebX°U	U(WYcÊ[icb�PlYc0F,Í�c a1, . . . , a`

XbFqU(o Í�oLF,[Vc�Í�l`U(X°Cqc;�Yebo`Í'a`[IoGr[VXb^0c
2i
X]U(c0K�[�c�ELÍ'W�Ò�� c¼ebc�U

bi,j

�µc�UiWYc �i[ilYK 	6oLr�U(WYc
j
Ñ UiWÊ[il#Í'W �Ye°o`Í'a S X�Ò cqÒ S bi,j =

◦j·2
i+2i

m=j·2i+1am

Ò�n�WYcgQic�EGQ(c
` − 1

oGr�UiWYc �i[VlYK�[
	
bi,j
S F#ELK6c0ebÔ oLFYc6oLr�ebc0FYMLUiW ` = 2k SU � o�oGr�ebc0FYMLUiW 2k−1 S lYhAUio `/2

oGr�e°cgFYMGU(W U � o#Ò§n�WYcNÍ0oLK6hYebc�V`X°U}Ô�rºoqQ+Í�oLK6hYlYUiXbFYM�ELe°eoGrpU(WYc0K X°F	h#EGQ'EGebebc0e§Xb[�U(WPl,[
R
QioqlYF#RY[�ELF#R ∑k

i=1 2iC(` · 2−i)
X°F�CLo`ÍgE3UiXboLF,[�oLr ���

���
Ò

B UJXZ[kcgEq[VÔ�Uio�[Vcgc�UiW,E3UJc�ELÍ'WIoGr�U(WYc
`
C3EGeblYc�[

bi

Í0ELF �,cNÍ�oLK6hYlYUicgR¾EL[²E �V[ilYK 	�oGrE3UkK6oq[VU
k
oGr�UiW#c

bi,j

Ñ [gÒ,HJoLXbFYM6UiWYXZ[kXbFIh#EGQ'EGebebc0e�rºoqQ²EGebe
bi

Ñ [kÍ0oq[VU([kELFYoGU(WYc0Q
R
Q(oLlYF#R#[EGF#R6E3UK6oP[}U

`C(k)
XbF�CLo`Í0EGUiXboLF#[gÒ3n�WYc0Q(c�rºoqQic�U(WYc�UioLU(EGe,Í�oLK6hYebc�V`X°U}Ô�XZ[�lYhYhµc0Q �µoLl#F#R`cgR

�PÔ
2R

Q(oLl#F#RY[�ELF#R ∑log
2

`

i=1 2iC(` · 2−i) + `C(log2 `) ≤ log2 ` · C(`) + `C(log2 `)X°F�CLo`ÍgE3UiXboLF,[�oLr ���
���
Ò

� ��� � ���*� � ��� ��	 �

�Ac+FYo � R`cg[(Í�Q(X �,c¶UiW#c+hYQioLUio`Í�oqe [d]B ← H�I ���
���	� ([a]B, [b]B)
Ò

\YoLQ
i = 1, . . . , ` S R`c�Ì,FYcU(WYc�Í0ELQiQ(Ô ci ∈ {0, 1} �PÔ ci = 1

XTS ∑i−1
j=0 2j(aj+bj) > 2i ÒB UkXb[k[VUiQ'EGXbMLWPUirºoLQ � ELQ(R6U(o�CLcgQiX°rºÔ¼U(W#E3UkMqX°Cqc0FIE �YX]U � XZ[ic�[VW#ELQiXbFYM6oGr9UiW#c�Í0EGQ(Q(X°c�[ � c+Í0ELFÍ�oLK6hYlYUic�E �YX°U � Xb[ic+[VW#ELQiXbFYMNoGr9UiWYc�[ilYK$EL[�rºoLebebo � [0Ò

� � 
���
�	�
 �
[d]B ← ����� 
 ����� ([a]B, [b]B)

�LÒ
([c1]p, . . . , [c`]p)← � ����� I ��J ([a]B, [b]B)

Ò
[`Ò

[d0]p = [a0]p + [b0]p − 2[c1]p
Ò

�YÒ
[d`]p = [c`]p

Ò
�#Ò�\#oLQ

i = 1, . . . , `− 1
�
[di]p = [ai]p + [bi]p + [ci]p − 2[ci+1]p

Ò
!`Ò W l`U(hYl`U

[d]B = ([d0]p, . . . , [d`]p)
Ò

_ C�XbR`cgFPUiebÔ S UiW#cIÍ0oLK6hYebc�V`X°UiXbcg[NoGrJUiWYXZ[6hYQ(oGUio`Í0oLe�EGQ(c�U(WYc<[iELK6c	Eq[8U(WYoq[icIoGrJ[il6���hYQioLUio`Í�oqe
� ����� I ��J EL[�hYQ(cg[ic0FPUic�RJ�µc0ebo � Ò � c¶UiWYcgQic0rºoLQ(cJMqc�U 37
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���
Ò
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����� ���
BDF	oqQ(RYc0Q�Uio�Í�oqK6hYl`Uic/U(WYc�Í0ELQiQ(Xbcg[ S � c/l#[icJU(WYc � c0ebeM� a�FYo � F	����12123J�� 0���-$&1!�!$��078���' ������+/+/EGebMLoLQ(X°UiWYKIÒYÓ�c0U

Σ = {S, P, K} ÒYn�WYc EGebMLoLQ(X°UiWYK=l,[Vc�[�EGFIoLhµc0Q'E3U(oLQ ◦ : Σ ×Σ → Σ SR`c�Ì#F#cgRY��Ô
x ◦ S = S

rºoLQJEGebe
x ∈ Σ S x ◦K = K

rºoqQ²EGebe
x ∈ Σ S EGF#R x ◦ P = x

rºoqQEGebe
x ∈ Σ

Ò�n�WYXZ[¶Xb[¶U(WYc6Í0EGQ(Q(Ô?� hYQ(oLh#ELMqEGUiXboLF	oLhµc0Q'E3UioqQ S EGF,R X°U/ÍgEGF4�µc6CLcgQiX°Ì#cgR<UioY�,cEL[([Vo`Í�XZE3U(X°Cqc	�zÒ\YoLQ§U � o �YX°U � Xb[ic�� Q(c0hYQ(cg[ic0FPUic�RkF�lYK"�,cgQ([ a = (a0, . . . , a`−1)
ELF#R

b = (b0, . . . , b`−1)
SrºoLQ

i = 0, . . . , ` − 1 S ebc�U ei = S
XMSÎE�Í0ELQiQ(Ô�XZ[¶[Vc0U/EGUJhµoq[iX]U(X°oqF

i
IºX�Ò cqÒ S ai + bi = 2

K��
ei = P

XTS	E/Í0ELQiQ(Ô � oLlYeZRH�µc�hYQ(oLh#ELMqE3U(cgR E3U�h,oP[VX°UiXboLF i
I X�Ò cLÒ

ai +bi = 1
K��GEGF#R

ei = KXMSÊE	Í0EGQ(Q(Ô � oLlYeZR �µc a�Xbe°ebcgRAE3U¶h,oP[VX°UiXboLF i S IºX�Ò cLÒ ai + bi = 0
K�Ò,B U+XZ[J[VUiQ'EGXbMLWPUirºoLQ � ELQ(RUio6CLcgQiX°rºÔ�UiW,E3U

ci = 1
IsUiW#c

i
Ñ UiWIÍ0ELQiQ(Ô)�YX°UkXb[²[Vc0U�K�X°r�ELF#R�oqFYebÔ¼X]r

e0 ◦ · · · ◦ ei−1 = S
Ò

�Ac�Q(c0hYQ(cg[ic0FPU
S S P S EGF,R K � X°UiW �#X]U8CqcgÍ�UioLQ'[ (1, 0, 0), (0, 1, 0)

ELF#R
(0, 0, 1) ∈

{0, 1}3 ÒLn�WYc�C3EGeblYcg[oGrµUiWYc ei

Ñ [�XbFNUiWYXZ[�Q(c0hYQ(cg[ic0FPU(EGUiXboLFNÍ0EGF �µc�cgEq[VXbe°Ô Í�oLK6hYlYUicgR rºQ(oLKUiWYc
ai

Ñ [ EGF#R
bi

Ñ [8Eq[�[VW#o � F �,cge°o � Ò Gkc0F,Í�c S MLXbCLcgF:E hYQioLUio`Í�oqe�rºoLQ lYF�,oqlYF#R`c�R r EGF��X°F:Í�oqKNh#l`U(EGUiXboLF oGr�U(WYc¼Í0ELQiQ(Ô8��h#Qioqh#EGMPE3UiXboLFIoqh,cgQ(EGUioLQ ◦ oLFAUiWYXZ[/Q(c0hYQ(cg[ic0FPU(EGUiXboLF S � cÍ�oLK6hYlYUic�Í0ELQiQ(Xbcg[�EL[�rºoLebebo � [0Ò
� ��
��
 	�
 �

[c]B ← 
 ��� � � � � ([a]B, [b]B)

�LÒ�\#oLQ
i = 0, . . . , `− 1 S XbFIh#EGQ'EGebe°cge�� [si]p =

���
��� ([ai]p, [bi]p)

Ò
[`Ò�\#oLQ

i = 0, . . . , ` − 1
�
[pi]p = [ai]p + [bi]p − 2[si]p

S [ki]p = 1 − [si]p −
[pi]p

EGF#R [ic�U
[ei]B = ([si]p, [pi]p, [ki]p)

S X�Ò cLÒ S XbFPUic0Q(hYQ(c�U¼U(WYcA[iW#ELQiXbFYMq[
[si]p, [pi]p, [ki]p

EL[�E �YX°U�� � Xb[ic+[VW#ELQiXbFYMNoGr�E ���<�YX]Uk[VUiQ(X°F#M ei ∈ Σ
Ò

�YÒ
([f0]B, . . . , [f`−1]B)← � ��� ◦([e0]B, . . . , [e`−1]B)

Ò
�#Ò�\#oLQ

i = 0, . . . , ` − 1 S [Vc0U ([si]p, [pi]p, [ki]p) = [fi]B
S X�Ò cLÒ S c�ELÍ'W [fi]BÍ0oLF#[iXb[VU([�oLr9[iW#EGQ(cg[�oLr � �YX°U([ � W#XbÍ'W � c+F#o � F#EGK6c si, pi

ELF#R
ki

Ò
!`Ò W l`U(hYl`U

[c]B = ([s0]p, [s1]p, . . . , [s`−1]p)
Ò

n�WYc�hYQ(X°C3ELÍ0Ô rºoqe°ebo � [/rºQ(oLK oqFYebÔAl#[iXbFYM<hYQ(X°C3E3U(c¼[Vl�����h#QioLUio`Í�oqeb[ S EGF#R�Í0oLQ(Qic�Í�U(FYcg[([rºoLebe°o � [�Q(cgEqR`X°ebÔ6rºQ(oLK U(WYc�E-�µo3CLc/EGQ(MLlYK6cgFqU'[0ÒÐ�cgÍ�UiXboLF #YÒ �<R`cg[(Í�Q(XT�µcg[6W#o � U(o:Í0oLK6hYl`U(c ����� ◦([e0]B, . . . , [e`−1]B)
Eq[i[ilYK6XbFYM�EhYQioLUio`Í�oqe#rºoqQ�Í�oLK6hYlYUiXbFYM8U(WYc ◦ � oLhµc0Q'E3U(oLQ � X°UiW	lYF�,oqlYF#R`c�R�r ELF���XbF�ÒYn�WYc¶FYc0VPU�[icgÍ�U(X°oqF[VWYo � [�WYo � Uio R`oÊU(WYXZ[�lYF�µoLlYF,R`cgR*r EGF�� X°F � X]U(WÏÍ�oqK6hYe°c0V`X]U}Ô 18
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`
XbFPCqo`Í0E3U(X°oqF#[NoGr"���
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55` log2 `
XbFPCqo`Í0E3U(X°oqF#[�oGr ���

���
Ò

� ���  ��� 
�	�������� � ��� �4��� 	1� �!�
� ����
 � ����� ����
 �
�Ac<R`c�[iÍ0QiX �,cIEAhYQioLUio`Í�oqe�rºoqQ�Í�oLK6hYlYUiXbFYM ◦`i=1ei

S � WYcgQic � c	ELMqEGXbFÊQ(c0hYQ(cg[ic0FPU ei

Eq[
(si, pi, ki)

Òµn�WYc hYQ(oGUio`Í0oLepl,[Vc�[JELF<lYF�,oqlYF#R`c�R<r EGF6��XbF É F,R<X°F ÐPUicgh �8ELF#R E¼h#Qic0Ì6V�É F#R¾X°FAÐ�Uic0h	[`Ò§n�WYcg[ic�hYQ(oGU(o�Í0oLeZ[²ELQic8RYc�Ì#FYc�R<cb�PlYXbC3EGebc0FPUiebÔ	Uio�E�lYF�,oqlYF#R`c�RIr EGF6��XbF
� ���0~}y�~}�P�0~9~}�qvx|�¡qy4'PuPv¯~}vx��u8vx|��i�P�guP·gy�¡/�b{}�g� ~}�Py�| ~V�gu�¡q�0{V¡���uqy�~}�²´`y��'�guP|Dvx| ~}y'u3~�®v¯~}�8~}�qy�s�0�(~~}����~�®9y�®�{}v¯~}y�uL�q�¶´`y({}|®vx~}� ~}�Py�£xy��0| ~�|Dvx·�uqv '����0uG~�´qvx~ 'q{}| ~



W Q/ELF#R h#Qic0Ì6V� W Q S ELF#RAX°K6hYebc0K6c0FPU(cgRAX°FAUiWYc6[(EGK6cNÍ0oLK6hYebc�V`X°U}Ô<l#[VXbFYM<HJc T oqQiMPEGF�Ñ [
� lYebcLÒ

� ��
���
 	1
��
([a]p, [b]p, [c]p)← ◦`i=1([si]p, [pi]p, [ki]p)

�LÒ
[b]p ← ∧`

i=1[pi]p
Ò

[`Ò
([q`]p, . . . , [q1]p)← ����� ∧([p`]p, . . . , [p1]p)

Ò
�YÒ

[c`] = [k`]
Ò

�#Ò�\#oLQ
i = 1, . . . , `− 1 S XbFIh#EGQ'EGebe°cge�� [ci]p ← [ki] ∧ [qi+1]p

Ò
!`Ò

[c]p =
∑`

i=1[ci]p
Ò

#YÒ
[a]p ← 1− [b]p − [c]p

Ò
É [�rºoqQJÍ0oLQ(Qic�Í�UiF#cg[([ S X°UJ[iWYoLl#ebR �µc8Í0e°c�EGQkU(W#E3U b = 1

I�E�hYQ(oLh#ELMqE3U(c>K�XTS
pi = 1

rºoLQ
i = 1, . . . , ` S K6ELa�X°FYM b

Í�oqQiQ(cgÍ�UgÒ`\YlYQiUiW#c0Q(KNoqQic S � c/W#EzCqc¶UiW#EGU c = 1
I E6a�X°ebe+K�XMS U(WYc0Q(cc�V`Xb[VU([�[ioLK6c

i
[Vl,Í'W¼UiW,E3U

ki = 1
EGF#R

pi+1 = 1, . . . , p` = 1
Ò�B�Ò cqÒ

c = ∨`
i=1(ki ∧ qi+1)

ÒÐ�X°F,Í�c
ki

EGF#R
pi

EGQ(c FYcgCLcgQ
1
[iXbK8lYe°U(ELFYc0oql#[VebÔ X°U8Í0ELF	�µc¼[ic0c0FAUiW,E3U8E3U�K6oP[}U�oqFYc6oGrUiWYc�c0V`hYQic�[i[iXboLF#[

ki ∧ qi+1
c>�Pl#EGeZ[�oLF#cLÒ#n�WYXZ[�XbK6hYe°Xbcg[kUiW#EGU

c =
∑`

i=1(ki ∧ qi+1)
Ò,j�ÔoLlYQ�Q(c0hYQ(cg[ic0FPU'E3UiXboLF�X]U�rºoqe°ebo � [�UiW#EGU a = 1− b− c

ÒÐ�X°F,Í�c � c�Í0EGF<Í0oLK6hYl`U(c [b]p
EGF#R

[c]p
X°F<h,EGQ'EGebe°cge S U(WYc�o3CLcgQ(ELe°e�Í0oLK6hYebc�V`X]U}Ô�rºoLQ²ELFlYF�,oqlYF#R`c�RÊr ELF���XbF ÍgEGQ(QiÔ:hYQ(oLh,EGMqEGUiXboLFÊÍgEGF �µcICLcgQiX°Ì#cgRÊUio	�,c

18
QioqlYF#RY[6ELF#R

27`X°F�CLo`ÍgE3UiXboLF,[�oLr ���
���
Ò

� � F F��VÈiÇ �9Â`ÈVÄ�Á��
BDF¾U(WYXb[/[icgÍ�UiXboLF � cNKNcgFPUiXboLFA[ioLK6c6[Vc�Í�lYQ(c8K lYe°UiXT��h#ELQVU}Ô<h#QioLUio`Í�oqeb[²rºoLQ/[VhµcgÍ0X]ÌµÍ8U'EL[ia`[UiW#EGUpl#[icoLlYQpFYc � Í�oqF#[VU(EGFPU���Q(oLlYF,RY[µhYQioLUio`Í�oqe3rºoLQÍ�oLK6hYlYUiXbFYM²[iW#EGQ(cg[§oLrPU(WYc �YX°U9RYcgÍ�oqK �h,oP[VX°UiXboLF6EL[�ELFNEGUioLK6XZÍ�[Vl6�6��hYQ(oGU(o`Í�oLe�Ò É ebe#EGh#hYe°XZÍ0EGUiXboLF hYQioLUio`Í�oqeb[�ELQic�lYF#Í0oLF#RYX]U(X°oqF#EGebe°Ô[Vc�Í�lYQ(c¶Í0oLF#[VU(ELFPU�� QioqlYF#RY[�hYQioLUio`Í�oqeb[gÒ �Ac � EGFPU�U(o�[}U(Qic�[i[�UiW#EGU�c0CLcgF¼U(WYoLlYMqW¼U(WYc/FPl#K"��,cgQ�oGr§X°F�CLo`ÍgE3UiXboLF,[oLr#U(WYc�lYF#R`cgQiebÔ�X°F#M¶K lYe°UiXbhYe°XZÍ0EGUiXboLF6hYQ(oGU(o�Í0oLe�XZ[�EGe � EzÔ`[9h,oqe°Ô�FYoqK6XbELeX°F

` = dlog2 pe ELF#R6UiW#cJF�lYK"�,cgQ�oLr�QioqlYF#RY[�Xb[�Í�oqF#[VU(EGFPU � cJRYXbR�FYoGU�hYl`U�K8l#Í'W¼c0SµoqQVUX°FIoLhYUiXbKNXb^0XbFYMNUiW#c+QilYF#FYX°F#M U(X°K6c�ELF#R	QioqlYF#R	Í�oLK6hYebc�V`X°U}ÔLÒ\YoLQ�U(WYc/QicgK�EGXbFYX°F#MNh,EGQiU�oLrU(WYXZ[�[Vc�Í�UiXboLFIebc�U
p
�µc�E h#QiXbK6c S p ∈ [2`−1, 2`]

Ò
� ��� � 
������ ������
�� � � � �
�	������ � �

BDF�U(WYXb[²[Vl6�,[Vc�Í�UiXboLF � c¶ebo�oLa¼EGU�U(WYc+cb�Pl#ELe°X°U}Ô6rºlYF#Í�UiXboLF ?
= : Fp → Fp

S � W#c0Q(c (x
?
=y) ∈

{0, 1} ELF#R (x
?
=y) = 1

XTS
x = y S ELF#R�UiWYc8Í0oLK6h#ELQiXZ[VoqF¼rºlYF,Í�UiXboLF ?

< : Fp × Fp → Fp
S

� WYc0Q(c (x
?
<y) ∈ {0, 1} ELF#R (x

?
<y) = 1

XTS
x < y

Ò\YoLQ²cb�Pl#EGebX°U}Ô S Eq[i[ilYK6c/UiW#c [iW#EGQ(cg[ [x]p, [y]p
EGQ(c+MLXbCLc0F ELF#R � c � ELFqU²Uio�Í0oLK6hYl`U(c[VW#ELQic�[

[x
?
=y]p

ÒpÐ`c�UVU(X°F#M
z = x − y ∈ Fp

UiWYc6hYQ(o��Yebc0K Í0e°c�EGQ(e°Ô<Q(cgR`l,Í�cg[²UioIÍ�oqK6hYl`U��
X°FYM

[z
?
=0]p

Òn�WYcIebEGUVUicgQ�oLFYcIÍ0ELF �µc<R`oLFYcY��Ô:Ì#Q'[}U¼Í0oLK6hYl`U(X°FYM�[iW#EGQ(cg[ oGrJUiWYcY�YX°U([
[z]B = [z0]p, . . . , [z`−1]p

ELF#R�U(WYc0F
[z

?
=0]p = ∧`−1

i=0 [zi]p
S � WYXZÍ'W�ÍgEGF �µc+Í�oqKNh#l`Uic�R�XbFÍ�oLF,[}U'EGFPU�QioqlYF#R�l#[VXbFYM¼Ð�c�Í�UiXboLF !YÒ � S Eq[�X]UkXZ[kE6[iÔPK6K6c�U(QiXZÍJrºlYF#Í�UiXboLF�Ò



\YoLQ�U(WYc8Í0oLK6h#EGQ(XZ[VoqF¼rºlYF#Í�UiXboLF � c�EGQ(c/MLXbCLc0F<[iW#EGQ(cg[ [x]p, [y]p
ELF#R � ELFPU�Uio¼Í�oqK �hYl`Uic�[�[iW#EGQ(cg[

[x
?
<y]p

Ò�n�WYXZ[�ÍgEGF �,c R`oLF#c �PÔ Ì#Q'[}U�Í0oLK6hYl`U(X°F#MÎ[VW,EGQ(cg[�oLrJU(WYc4�YX°U([
[x]B = [x0]p, . . . , [x`−1]p

EGF,R
[y]B = [y0]p, . . . , [y`−1]p

Òmko � [iW#EGQ(cg[/oLr�U(WYc�Í�oqK �h#EGQ(Xb[ioLF�rºlYF#Í�UiXboLF<Í0ELFQ�µc�Í�oqKNh#l`Uic�R�l,[VXbFYM H�I ������� rºQ(oLK Ð�c�Í�U(X°oqF,!YÒ
� ��� � ���	��� ��� ��� � 
������ ���� ���
��
n�WYc�c�V`hµoLFYcgFqU(XbEGUiXboLF rºlYF#Í�UiXboLF

exp : Fp×Zp → Fp

XZ[�MLXbCLcgF"��Ô
exp(x, a) = (xa mod

p) ∈ Fp

Ò
��� H � I � � � � ����� ��� a �

�Ac¶Ì#Q'[}UkR`c�EGe � X°UiW�UiWYc+Í0Eq[Vc � WYcgQic¶UiW#c¶c0V`h,oqFYc0FPU a
XZ[�hYl6���e°XZÍ�ebÔ�a�FYo � F�EGF,R�UiW#c¶C3ELe°lYc x

Xb[�[iW#EGQ(cgR S X�Ò cqÒ S MqX°Cqc0F [x]p
EGF#R

a � c � EGFPU�U(oNÍ0oLK6hYl`U(c
[xa]p

Ò É [i[ilYK6c/UiW#c0Q(c�c�V`XZ[}U'[kE6hYQ(oGUio`Í0oLe§UiW,E3U²oql`UihYlYU([kQ'EGF,R`oLK [iW#ELQic�[
[r]p

oLr�E6Q'EGF6�R`oLK FYoqF���^gc0Q(o�C3EGeblYc
r ∈ F

∗
p

U(oLMLc0UiWYcgQ � X°UiW¾[iW#ELQic�[koGrX°U([ ath
h,o � c0Q [ra]p

Ò � c � Xbe°e[VWYo � ebEGUicgQ�WYo � U(oNXbK6hYebc0K6c0FPU²[il#Í'W	ENhYQ(oGU(o`Í�oLe�XbF<Í�oqF#[}U'EGFPU�QioqlYF#RY[gÒÉ [([VlYK6XbFYM<[Vl,Í'W E�hYQ(oGUio`Í0oLe�c�V`XZ[}U'[ S E	hYQ(oGU(o�Í0oLe9Uio<[icgÍ0lYQicge°ÔAÍ�oLK6hYlYUicNUiWYc�c0V`h,o��FYc0FPUiXZE3U(X°oqF rºlYF#Í�U(X°oqF@Xb[�[VUiQ'EGXbMLWPUVrºoqQ � EGQ'RXI l#[VXbFYM:U(WYc j�EGQ���BDeZEGF EGF#R@j�cgEzCqc0Q,@ j�jPB�DFEX°F�CLcgQ([iXboLF�U(QiXZÍ'a6K �`\9X°Q'[}U�UiW#c¶h,EGQiUiXbcg[�QilYF�UiWYc/hYQ(oGU(o`Í�oLe,UioNMLc0U�[iW#ELQic�[�oLr
[r]p

EGF,R
[ra]prºoLQkENQ(ELF#R`oqK

r ∈ F
∗
p

ÒYn�WYc0F	U(WYc0Ô�Í0oLK6hYl`U(c
[xr]p =

���
��� ([x]p, [r]p)

S oqh,cgF [xr]p
U(oMLc�U

xr ∈ Fp
S ELF#R:c0Cqc0Q(Ô hYeZEzÔLcgQ+X°F#RYX°C�XZR`l#EGebebÔ Í0oLK6hYl`U(cg[ y = (xr)a = xara ∈ Fp

Òmko � [xa]p
XZ[�o?�`U(ELX°FYc�R ��Ô	Í�oLK6hYlYUiXbFYM

[xa]p = y[r−a]p �
WYcgQic

[r−a]p = [(ra)−1]p
Xb[o��`U'EGXbFYcgR�rºQioqK

[ra]p
l#[VXbFYMNUiW#c�j�ELQ�� BDeZEGF�ELF#RIj�c�EzCLcgQ�XbF�CLc0Q'[iX°oqF�hYQ(oGU(o�Í0oLe�ÒB U8Xb[8cgEq[VÔ¾Uio¾[ic0c�U(W#E3U8UiWYXZ[�hYQ(oGU(o`Í�oLe�Xb[8hYQiXbC3E3U(c�EL[+eboLF#M¾EL[

x 6= 0
Ò � c¼W#EGF,R`e°cUiWYcNÍ0EL[ic

x = 0
EL[JEGF �Vc�VYÍ�cgh`UiXboLF�	+l,[VXbFYM¼oqlYQJh#QioLUio`Í�oqe�rºoLQ¶c0C3EGebl#EGUiXbFYM�UiW#c c>�ql,EGebX]U}Ô

rºlYF#Í�U(X°oqF rºQ(oLK Ð�c�Í�U(X°oqF ��Ò �LÒ§n�WYcNXbRYcgE¼XZ[JUioI[Vl��#[}U(X]U(l`Uic
x
��Ô

x̃ = x + (x
?
=0)

Ò�m²oGUicUiW#EGU�UiWYXZ[kEGe � EzÔ�[�EL[([ilYQic�[ x̃ 6= 0
Ò,n�WYc0FI[VW,EGQ(cg[

[xa]p
Í0ELFQ�µc�Í�oqK6hYl`Uic�RIEL[

[xa]p = [x̃a]p − [(x
?
=0)]p .

�Ac�F#oGUic/U(W#E3U²UiWYXZ[ �Vc�VYÍ�cgh`UiXboLF	U(QiXZÍ'a�	¶K�EzÔ�ELeb[io �,c�l,[Vc�RIX°F [ioLK6c/oGU(WYc0Qkh#ebEqÍ�cg[HIºebX°aqcX°F¾UiWYc6XbFPCqc0Q'[VXboLF<h#QioLUio`Í�oqeOK�Uio	W#EGF#RYe°c6[VhµcgÍ0XbELe�[VW#ELQic�R<XbFYhYl`U'[¶UiW#EGU¶K�EzÔIe°c�ELR Uio	X°F��rºoLQ(K6EGUiXboLFIebcgEGa3ELMLcLÒ É F�ÔIhYQioLUio`Í�oqe�UiW,E3U²XbFYX°UiXZEGebe°ÔIebcgEGa`[�XbF`rºoqQiK�E3U(X°oqFIrºoLQ
m
R`XTSµcgQicgFPU[VW#ELQic�RÊXbFYhYl`U¼C3ELe°lYc�[�Í0ELF FYo � �,c<lYh§RYEGUicgR U(o:EAhYQ(oGU(o�Í0oLe�hYQ(o3C�XbR`XbFYM h,cgQVrºc�Í�U¼hYQ(XT�CzEqÍ�Ô,��Ô	I QioqlYMLWYebÔ6K�UiWYcNÍ�oP[}U²oLrELRYR`X°UiXboLF,EGe

m
Iºh#ELQ(ELe°ebc0e+K�c�V`c�Í�l`U(X°oqF#[koLr9U(WYc8c>�Pl#EGebX]U}ÔhYQioLUio`Í�oqe�ÒB U�Q(c0K�EGXbF#[�UioNhYQ(o3CPXZR`c²UiWYc/hYQ(oGU(o�Í0oLe#UiW#EGU S MLXbCLcgF�E hYl6�YebXbÍ a S oLl`U(hYl`U([�[iW#EGQ(cg[ [r]pUioLMqc�U(WYc0Q � X°UiW�[VW,EGQ(cg[oGr,X°U([ ath

hµo � cgQ [ra]p
rºoLQEJQ(ELF#R`oqK FYoLF�� ^0cgQio¶C3EGeblYc

r ∈ F
∗
p

Ò3BDFUiWYcJWYoLFYc�[}U����#l`U��DÍ�lYQ(XboLl#[�KNo`R`cge#U(WYXZ[�XZ[�[iX°K6hYebÔ�R`oLF#c%��Ô ebc�UiUiXbFYMNcgELÍ'W�h#ebEzÔqc0Q
j
ebo�ÍgEGebe°Ô[Vcge°c�Í�U�E²Q'EGF#RYoLK FYoqF���^gc0Q(okC3EGeblYc

rj ∈ F
∗
p

UioLMqc�U(WYc0Q � X]U(W X°U([ ath
hµo � cgQ ra

j ∈ F
∗
p

Ò _ EqÍ'WCzELe°l#c
rj

XZ[�[VW#ELQic�R�ELKNoqFYM�U(WYc/hYeZEzÔLc0Q'[gÒPm²o � R`c�Ì,FYc r
EL[�U(WYc/hYQio`R`l,Í�U�oGr9ELe°e

rj

[il#Í'WUiW#EGU
ra EGeZ[Vo+c>�ql,EGeZ[�Uio/U(WYc²hYQ(o`R`l#Í�UoGr�EGebe ra

j

ÒqÐ`W#EGQ(cg[�oLr �,oLUiW�hYQ(o`R`l#Í�U'[
r =

∏n
j=1 rjEGF#R

ra =
∏n

j=1 ra
j

Í0EGF �µc6Í�oLK6hYlYUicgR l#[VXbFYM�UiWYcNlYF�,oqlYF#R`c�RIr EGF6��XbF K8l#e]U(X°hYebXZÍ0E3U(X°oqFhYQioLUio`Í�oqe S ��� ��� ∗ Ò � c/FYo � [iWYo � WYo � U(o6K6ELaLcJUiWYXZ[�hYQ(oGU(o�Í0oLeµQio?�Yl#[VU�ELMqELX°F#[VU�ELÍ�U(X°CqcELR`Cqc0Q'[iELQiXbcg[²l#[VXbFYM<E��VÍ0l`U��DEGF,R� Í'W#oPoP[Vc8	�Uic�Í'WYFYXO�ql#c ��BDF�ELRYRYX]U(X°oqF¾U(o
[ri]p

S [ra
i ]p
S l,[VcgQ

i
MLcgFYc0Q'E3U(cg[�Q'EGF#R`oqK [iW#EGQ(X°F#Mq[

[si]p
S [sa

i ]p
Ò#n�WYc+hYeZEzÔLcgQ([��}oqX°FPUiebÔ¼rºoqQiK$ENQ(ELF#R`oLK �YX]U

b
Òpn�WYcgF:UiWYcgÔAÍ�oqK6hYl`Uic�EGF#R oLhµc0F

(si, s
a
i )
oqQ

(siri, s
a
i ra

i ) S ELÍ0Í0oLQ'R`XbFYM�U(oIUiWYc�CzELe°l#c



oGr
b
ELF#R�CLc0Q(X°rºÔ�UiW#EGUkUiW#c/Ì#Q([VUkF�lYKH�µc0Q�XZ[�FYoqF�� ^0c0Q(o6EGF#R�UiW,E3U�UiW#c�[Vc�Í�oLF,R�F�lYK"�,cgQ�Xb[UiWYc+Ì,Q([VU²Q'EGXZ[Vc�R�U(o6UiWYc hYl6�YebXZÍ

a
Òµn�WYXZ[kÍ0ELF �,c�Q(c0hµcgEGUic�RIX°F<h#ELQ(ELe°ebc0e�ELF EGhYh#QioqhYQiXZE3U(cFPl#KH�µc0Q�oGr9UiXbK6cg[gÒ

���
������� � � � � �� ��� a �

m²o � � c6Í�oqF#[VXZR`cgQkUiW#cNÍgEL[ic � WYcgQic8UiWYcNc�V`hµoLFYcgFqU a
Xb[¶EGeZ[ioMLXbCLc0FNEL[�E/[iW#EGQ(c S X�Ò cqÒ S U(WYc�l#[ic0Q'[�EGQ(c�MqX°Cqc0F [x]p

ELF#R
[a]p

EGF#R � EGFPUU(o+Í�oLK6hYlYUic [xa]p
Ò

�Ac�[iWYo � W#o � UiW#Xb[�ÍgEL[ic/ÍgEGF,�,c+Q(cgRYl#Í�c�R¼U(o6UiWYc+hYQ(c0C�XboLl#[�oqFYcLÒ\XbQ'[}UkQ(lYF	UiWYcH�YX]U/R`cgÍ0oLK6hµoq[iX]U(X°oqF	h#QioLUio`Í�oqe§Uio�o��YU(EGXbF [iW#EGQ(cg[�oLr9U(WYc��YX°U([
[a]B =

[a0]p, . . . [a`−1]p
oGrkU(WYc�c0V`h,oqFYc0FPU

a
[Vl#Í'WÎUiW#EGU

a =
∑`−1

i=0 2iai �
X°UiW

ai ∈ {0, 1} Òn�WYc0F S l#[iX°F#M8lYF�µoLlYF#RYcgR6r ELF���XbF¼K lYe]U(X°h#e°XZÍ0EGUiXboLF S [VW,EGQ(cg[ [xa]p
K�EzÔ FYo � �µc²o?�`U(ELX°FYc�RCPXZE UiWYc+c>�Pl#E3U(X°oqF

xa = x
P

`−1

i=0
2iai =

`−1
∏

i=0

x2iai =

`−1
∏

i=0

(aix
2i

+ 1− ai) ∈ Fp

I �FK

� WYc0Q(c�UiW#cJ[iW#EGQ(cg[ [x(2i)]p
Í0EGF)�µcJÍ0oLK6hYl`U(cgR I X°F�h#EGQ'EGebe°cge`rºoLQ

1 ≤ i ≤ l−1
K � X°UiW�U(WYcc�V`h,oqFYc0FPU(XbEGUiXboLF	hYQioLUio`Í�oqe�E-�µo3CLcLÒ�B r

x
Xb[�FYoqF�� ^0c0Q(o UiWYc+hYQ(oGU(o`Í�oLe���

��� ∗
Í0EGF,�µc+l#[Vc�RrºoLQJUiWYcNlYF�,oqlYF#R`c�RIr EGF6��XbF¾K lYe]U(X°h#e°XZÍ0EGUiXboLF S EGF#R<UiWYc �}c0VYÍ�c0hYUiXboLF<U(QiXZÍ'a�	�ÍgEGF �µcNl#[Vc�Rl#[Vc¶U(o¼R`cgELe � X]U(W�U(WYc�Í0Eq[Vc � c0Q(c x

Í0EGF,�µc+^0c0Q(o#Ò
� ��� � 
 ��	���
 ������	 	 ����
 �
Ó�c�U

m ∈ [2, p− 1]
�µc¶ENhYl6�#e°XZÍ²XbFPUicgMLc0Q�Ò�BDF�U(WYXZ[�[il6�#[icgÍ�UiXboLF � c/eboPoqa�E3U�UiWYc �VK6o�RYlYe°o

m
	NrºlYF#Í�U(X°oqF S modm : Fp → Fp, x 7→ x mod m ∈ {0, . . . , m − 1} S � WYc0Q(c x ∈ FpXb[�Í0oLF#[iXbRYc0Q(cgR�E Q(cg[iXbR`l#c

x ∈ {0, 1, . . . , p− 1} Ò�� c+[VWYo � WYo � U(oNh#QiXbC3E3Uicge°Ô¼Í0oLK6hYl`U(cUiWYc�K6o`R`lYebo
m
rºlYF#Í�U(X°oqF:X°F:Í�oqF#[}U'EGFPU+QioqlYF#RY[ S X�Ò cLÒ S UiW#c�hYebEzÔqc0Q'[JELQic6MqX°Cqc0F [x]p

ELF#R
� ELFqU�U(o6Í0oLK6hYl`U(c [modm(x)]p

rºoLQkENhYl��Ye°XZÍ/XbFqU(c0Mqc0Q
m
Òn�WYc�hYeZEzÔLc0Q'[9Ì#Q'[}U�Í�oLK6hYlYUic²[iW#EGQ(cg[

[x]B = [x0]p, . . . , [x`−1]p
oGr§U(WYc �YX°U([�oGr

x S X�Ò cLÒ
x =

∑`−1
i=0 xi2

i Òqm²oGUickUiW#EGU�X]r m Xb[�E/h,o � c0QoLr 2 S X�Ò cqÒ S m = 2a S U(WYc0F [x mod m]p
Í0ELF

�,c�Í�oqK6hYl`Uic�R¾l,[VXbFYM	UiWYc6c>�ql,E3UiXboLF
x mod 2a =

∑a−1
i=0 2ixi

Ò W UiW#c0Q � Xb[icNRYc�Ì#FYc y =
∑`−1

i=0 xi(2
i mod m) ∈ Z

Ò�n�WYc0F Í0e°c�EGQ(e°Ô
x mod m = (

∑`−1
i=0 xi(2

i mod m)) mod
m = y−tm

rºoLQ[ioLK6c�XbFqU(c0Mqc0Q
t
XbFNUiWYc�Q'EGF#MLc

t ∈ [0, `−1]
ÒGHJc�Ì#FYc

y(i) � y−im ∈ Z
Òn�WYc�[iW#EGQ(cg[

[y(i)]B
ÍgEGF��µc�Í�oqK6hYl`Uic�R/X°F+h,EGQ'EGebe°cge3rºoLQpELe°e

i ∈ [0, `−1]
l#[VXbFYM�U(WYc �YX°U � XZ[Vc[VlYK hYQ(oGU(o�Í0oLe�rºQ(oLK Ð�cgÍ�UiXboLF%##Òn�WYc¼C3ELe°lYc

x mod m
XZ[�FYo � UiW#c¼lYFYXO�PlYc y(t) [il#Í'WUiW#EGU

0 ≤ y(t) < m
ÒPÐ�W#ELQic�[�oGr�[Vl,Í'W6ELF

[x mod m]B = [y(t)]B
Í0ELF �,c�rºoqlYF#RNl#[iX°F#MJI

`h#EGQ'EGebe°cge�EGhYhYebXZÍ0E3U(X°oqF#[¶oGr!K²U(WYc�Í�oLK6h#ELQiXZ[ioLF rºl#F#Í�U(X°oqF ELF#R¾oqFYc6Í�oLF�Cqc0Q'[VXboLF<U(o	[iW#ELQic�[oGr
[x mod m]p

Ò
� ��� � ���	��� ��� �%
 ��	���
 �!����	 	 ����
 �
n�WYc+hYeZEzÔLc0Q'[�EGQ(c¶MqX°Cqc0F	[VW#ELQic�[

[x]p
EGF#R	[VW,EGQ(cg[

[m]p
oGr�EGF	X°FPU(c0MLcgQ

m
oGr9aPF#o � FQ�YX°U��[VXb^0c

`0 � `
Ò�n�W#c²hYQ(o��Yebc0K XZ[�Uio Í0oLK6hYl`U(c¶[iW#ELQic�[

[x mod m]p
Ò�n�WYc0Q(cJELe°Q(cgEqR`ÔNc�V`Xb[VU([EGF	c�U¼Í�Xbc0FPU�hYQ(oGUio`Í0oLe,Uio�EGhYh#QioFV`XbK6EGUic

[x mod m]p
R`lYc/U(oQ@ É R�Ð�Z8[>E �Yl`U�X°UkR`o�cg[�FYoLUQilYF@XbF E�Í�oLF,[}U'EGFPU�FPl#KH�µc0Q¼oLr¶Q(oLlYF,RY[0Ò�BDF U(WYXb[�[Vc�Í�UiXboLF � c<FYoGU(c	UiW#EGU�Í�oqKH�YXbFYXbFYMUiWYc�U(cgÍ'WYF#X �PlYc�[+oGr�UiWYXZ[�h,EGhµc0Q � X°UiW:U(WYc¼Q(cg[ilYe]U'[¶rºQioqK @ É R�Ð�Z?[FE�EGF,R @ d+Ó T Z1!>E:IºUiWYc



ebEGUVUicgQ¼oLF#c EGhYhYQ(oFV`X°K�EGUicg[ U(WYcIrºQ(EqÍ�U(X°oqF#EGe�h#ELQVU¼oLr
1/m

��Ô E�n9EzÔ�e°oqQNhµoLebÔ�FYoLK6XZEGe+K S
� cIMLc0U6ELF c0U¼Í�Xbc0FPU¼Í�oLF,[}U'EGFPU�� QioqlYF#RY[8hYQ(oGUio`Í0oLe�Uio�Í�oqK6hYl`Uic<ELF EGh#hYQioFV`XbK�E3UiXboLFÎoGr
[x mod m]p = [x − b x

m
c · m]p

ÒpÐ�W#ELQic�[¶oGr�U(WYc�c�VYEqÍ�U/CzELe°l#cNoLr
x mod m

K6EzÔ UiWYcgF
�,cko?�`U(ELX°F#cgR ��Ô Q(lYFYFYXbFYM�ELF6ELhYhYQ(oLhYQ(XZE3Uic�F�lYK"�,cgQoGr�Í�oqK6h#EGQ(Xb[ioLF hYQ(oGUio`Í0oLeZ[9Uio�K�EGaqc[VlYQ(c�UiW,E3UQ(cg[ilYe°U�e°Xbcg[pX°F/U(WYcXbFPUic0Q(C3EGe

[0, m−1]
Ò � X]U(W+UiW#cQic�[Vl#e]U'[§rºQioqK Ð`cgÍ�U(X°oqF ��Ò [�UiWYXZ[c0F#E��Ye°c�[/l#[/U(o,�#lYX°eZR�EIÍ�oqF#[}U'EGFPU�� Q(oLlYF#R#[²hYQ(oGU(o`Í�oLe�U(W#E3U�h#QiXbC3E3Uicge°ÔAÍ�oLK6hYlYUicg[+[iW#ELQic�[

[xa mod m]p
S � W#c0Q(c EGebe9UiWYQ(c0cNXbFYhYl`U'[ S x S a S EGF#R m

ELQic MLXbCLc0FAEL[¶[VW#ELQic�["IºUioqMLc�U(WYc0Q
� X]U(W U(WYcY�YX°U��D[VXb^0c `0

oGr
m
K�Ò Gkc0Q(c � cIoqFYe°ÔÊÍ0oLF#[iXZR`c0QNUiW#c Í0EL[ic	oGrJh#QiXbK6c m

Ò\9X°Q'[VUÍ�oLK6hYlYUic�[iW#EGQ(cg[
[x mod m]p

EGF#R
[a mod m − 1]p

Ò9n�W#c¼hYQ(X°K6c
p
W,EL[+U(o �µc¼ebELQiMqcc0FYoqlYMLW IºoLr��YX]U�� [iXb^0c

` > `2
0

K�[Vl,Í'W U(W#E3U�X°F _ �PF�Ò=I �FKNFYo � Q'EGh��DEGQ(oLlYF,RÊK6o`R`lYebo pEGhYhµcgELQ([��#E3rsU(c0Q¶Í�oLK6hYlYUiXbFYM
[xa]p

S UiW#c8K6o`R`lYebo¼Qic�R`l#Í�UiXboLF<hYQ(oGU(o�Í0oLe�XZ[kl,[Vc�R<EGMqELX°F	U(oÍ�oLK6hYlYUic�[iW#EGQ(cg[
[xa mod m]p

Ò

� �   � ����� ������	 ����� 	�
�� ��� ������
 � �
 ��� ������	� � � ��� ����� 
 ��� � � ���,��� ����� � ���

BDF`rºoLQ(K�EGebe°Ô S ELRYRYX]U(X°Cqc¼[VW#ELQic�[/o3CLcgQJU(WYc¼XbFPUic0Mqc0Q'[+EGQ(c (n − 1)
��oLlYU�� oGr+�

n
[iW#EGQ(cg[ � WYcgQiccgELÍ'W�h#EGQiU}Ô

Pj

WYoqebRY[�E Q(ELF#R`oqK=[VW#ELQic
xj ∈ [−2ρA, 2ρA]

I � WYc0Q(c ρ
XZ[�[ioLK6c¶[icgÍ0lYQ(X]U}Ôh#EGQ'EGK6c�U(c0Q2K�Ò9n�WYc	[icgÍ0Qic0U

x
Xb[8UiW#c0F RYc�Ì#FYc�RÎEq[

x =
∑n

j=1 xj ∈ [−A, A]
o3Cqc0Q8UiWYcX°FPUicgMLcgQ([gÒ��Ac�l#[Vc

[x]Z
U(o¾R`cgFYoGU(c¼ELRYR`X°UiXbCLc¼[iW#ELQic�[/o3CLc0Q¶U(WYc¼XbFqU(c0Mqc0Q'[0ÒpÐ�cgc @ É R�Ð�Z?[>ErºoLQkE rºoLQ(K�EGe�R`c0Ì#FYX°UiXboLFIoGr�ELRYR`X°UiXbCLc�[iW#ELQic�[�ELF#R�rºoLQkEGh#hYe°XZÍ0EGUiXboLF#[gÒÓ�c�U

p
�,cNE6hYQiXbK6cLÒ��Ac � EGFPUkU(o�FYoGU(c+UiW,E3U � c�FYo � Í0ELF<MLXbCLc�E�Í�oqF#[VU(EGFPU���Q(oLlYF,RY[hYQioLUio`Í�oqe�UiW,E3U¶Í0oLF�CLcgQVU'[�[VW,EGQ(cg[

[x]p
Uio�[iW#EGQ(cg[

[x]Z
Ò���QiXboLQ�U(o�oqlYQ � oLQ(a S �PÔIE�Q(cg[ilYe°UrºQioqK @ É R�Ð�Z8[>E S UiWYXZ[�Í�oLl#ebR�oLFYebÔ �,c+R`oqFYc¶X°FIÍ�oqF#[}U'EGFPU�QioqlYF#RY[ � WYc0F x

Xb[�Mql#EGQ'EGFPUicgcgRUio)�µc8Í�oqF#[VXZR`cgQ(E��Ye°Ô¼[iK�EGebe°cgQ�UiW,EGF	UiWYc+K6o`R`lYebl#[
p
Ò É [�UiWYc8hYQioLUio`Í�oqe�X°F @ É R�Ð�Z?[FEoLl#QhYQioLUio`Í�oqe§Xb[�oqFYebÔ¼h#EL[([iX°Cqc0ebÔ¼[Vc�Í�lYQ(cLÒ\XbQ'[}U�Í0oLK6hYl`U(c [iW#ELQic�[

[x]B = [x1]p, . . . , [x`−1]p
oGr+U(WYc4�#X]U'[�oLr

x
Ò�n�WYc0F IºXbFh#EGQ'EGebe°cgeOK�Í�oqFPCqc0QiU�U(WYc [iW#ELQic�[

[xj ]p
Uio@[VW,EGQ(cg[

[xj ]Z
o3CLcgQ�U(WYc X°FPUicgMLcgQ([�l#[iX°FYM UiW#cUicgÍ'W#FYX �PlYc¼rºQioqK @ É R�Ð�Z?[>E=IºFYoLUic�U(W#E3U�U(WYXZ[8Í0ELF �,c�ÍgEGQ(QiXbcgRAoLlYU [VXbF#Í0c6UiWYc�[iW#ELQic�[/oGrUiWYc �YX°U([�ELQic�FYo � �V[iK�EGebePcgFYoLl#MLW	�Í0oLK6h#ELQic�R+Uio¶U(WYc�K6o�RYlYe°l,[

p
K�ÒG\9XbF#EGebebÔ S UiW#c�X°FPUicgMLcgQ[VW#ELQic�[�oGr

x
Í0EGF,�µc�Í�oLK6hYlYUicgR � X°UiWYoql`UkXbFqU(c0Q'ELÍ�UiXboLF�C�XZE [x]Z =

∑`−1
i=0 2i[xi]Z

Ò
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